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Abstract. Formal verification techniques aim at formally proving the
correctness of a computer program with respect to a formal specification,
but the expertise and effort required for applying formal specification and
verification techniques and scalability issues have limited their practical
application. In recent years, the tremendous progress with SAT and SMT
solvers enabled the construction of a new generation of tools that promise
to make formal verification more accessible for software engineers, by
automating most if not all of the verification process. The Dafny system
is a prominent example of that trend. However, little evidence exists
yet about its accessibility. To help fill this gap, we conducted a set of
10 case studies of developing verified implementations in Dafny of some
real-world algorithms and data structures, to determine its accessibility
for software engineers. We found that, on average, the amount of code
written for specification and verification purposes is of the same order
of magnitude as the traditional code written for implementation and
testing purposes (ratio of 1.14) – an “overhead” that certainly pays off
for high-integrity software. The performance of the Dafny verifier was
impressive, with 2.4 proof obligations generated per line of code written,
and 24 ms spent per proof obligation generated and verified, on average.
However, we also found that the manual work needed in writing auxiliary
verification code may be significant and difficult to predict and master.
Hence, further automation and systematization of verification tasks are
possible directions for future advances in the field.
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1 Introduction

1.1 Motivation

Given the increasing dependence of our society on software-based systems, it is
ever more important to assure their correct, secure and safe functioning, partic-
ularly for high-integrity systems [1]. Since software development is a knowledge-
intensive activity and software-based systems are increasingly complex, errors
? This is an extended version, including the source code, of our FSEN 2023 paper.
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are inevitable, so several techniques need to be applied along the process to
catch and fix defects as early as possible.

Testing and reviews are the most widely applied techniques in the software
industry for defect detection. However, since “program testing can be used to
show the presence of bugs, but never to show their absence” [2], testing alone
cannot be considered sufficient for high-integrity systems. If properly applied [3],
reviews are a cost-effective technique for defect detection and knowledge sharing,
but, like with testing, they cannot be used to show the absence of bugs.

By contrast, formal verification techniques aim at formally proving the cor-
rectness of a computer program, i.e., show the absence of defects. To that end,
we need a formal specification of the program intent and a logic reasoning frame-
work, usually based on Hoare logic [4]. But the expertise and effort required for
applying formal specification and verification techniques and scalability issues
have limited their practical application. In recent years, the tremendous progress
with SAT and SMT solvers [5], such as Z3 [6], enabled the construction of a new
generation of tools that promise to make formal verification accessible for soft-
ware engineers, like Dafny [7], Frama-C [8] and Why3 [9], by automating most if
not all of the verification process. However, little evidence exists yet about their
accessibility, regarding the expertise and effort required to apply them.

The authors have used formal specification languages and automated rea-
soning tools for several years in software engineering research, education, and
practice [10, 11, 12, 13, 14]. E.g., in [11], Alloy [15] was used to automatically
generate unit tests and mock objects in JUnit4 from algebraic specifications of
generic types. Although model-based testing approaches such as this one do not
guarantee the absence of bugs, they provide a higher assurance than manual test
generation and seem to be currently more accessible than formal verification.

From an educational perspective, the authors are also interested in assessing
the feasibility of embedding computer-supported formal specification and veri-
fication techniques in undergraduate programs, namely in courses dedicated to
studying algorithms and data structures.

1.2 Objectives and Methodology

To help fill the gap in the current state of the art regarding accessibility stud-
ies, we conducted a set of case studies of developing verified implementations
in Dafny of some well-known algorithms and data structures of varying com-
plexity, with the goal of determining its accessibility for software engineering
practitioners, students and researchers, with limited training in formal methods.

Table 1 shows the list of case studies. They explore formal specification and
verification features of increasing complexity. In Sec. 2, we provide some high-
lights for selected features. For each case study, we collected a few metrics and
lessons learned, to help answer our main question, regarding Dafny accessibility.
Those metrics and lessons learned are aggregated and discussed in Sec. 3Ṫhe
source code is available in a GitHub repository5 and Appendix A.
4 https://junit.org/
5 https://github.com/joaopascoalfariafeup/DafnyProjects

https://junit.org/
https://github.com/joaopascoalfariafeup/DafnyProjects
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Table 1. List of case studies.

Category Case study

Numerical
algorithms

◦ Integer division (Euclidean division)
◦ Natural power of a number (divide and conquer algorithm)

Searching &
sorting algo-
rithms

◦ Binary search
◦ Insertion sort

Collections
◦ Priority queue implemented with a binary heap
◦ Unordered set implemented with a hash table (Hash Set)
◦ Ordered set implemented with a binary search tree (Tree Set)

Matching prob-
lems

◦ Stable marriage problem solved by the Gale-Shapley algorithm
◦ Teachers placement problem reduced to stable marriage

Graph algo-
rithms

◦ Topological sorting (Khan’s algorithm [16])
◦ Eulerian circuit (Hierholzer’s algorithm)

1.3 Structure of the Paper

Sec. 2 presents some highlights about specification and verification features of
increasing complexity in the case studies. Sec. 3 consolidates the metrics collected
and lessons learned, and draws conclusions regarding our research goal. Related
work is discussed in Sec. 4. Conclusions and future work are presented in Sec. 5.

2 Case Studies Highlights

2.1 An Introductory Example (Integer Division)

The self-explanatory program in Fig. 1 explores some basic features of Dafny
and serves as our first case study.

Dafny6 [7] is a multi-paradigm programming language and system for the de-
velopment of verified programs. The functional style is typically used for writing
specifications, using value types and side-effect-free expressions, functions, and
predicates. The procedural and object-oriented styles are typically used for writ-
ing implementations, using reference types (arrays, classes, etc.), and methods
and statements with side effects. The Dafny programming system comprises a
verifier (based on Z3), compilers that produce code in several target languages
(C#, Java, JavaScript, Go, and C++), and an extension for Visual Studio Code.

The semantics of a method (div in this case) is formally specified by means
of pre and postconditions, indicated with the requires and ensures clauses,
respectively. The Dafny verifier is in charge of checking (with the help of the
Z3 theorem prover) if such pre and postconditions are satisfied. When the im-
plementation involves a loop, the user has to provide a loop invariant (with

6 https://github.com/dafny-lang/dafny

https://github.com/dafny-lang/dafny
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// Computes the quotient q and remainder r of the integer division  

// of a (non-negative) dividend n by a (positive) divisor d. 

method div(n: nat, d: nat) returns (q: nat, r: nat) 

  requires d > 0 

  ensures q * d + r == n && r < d 

{ 

  q := 0;   

  r := n;   

  while r >= d 

    decreases r 

    invariant q * d + r == n 

  { 

    q := q + 1;   

    r := r - d; 

  } 

} 

// Main program, with a simple test case (checked statically!). 

method Main() { 

    var q, r := div(15, 6); 

    assert q == 2 && r == 3; 

    print "q=", q, " r=", r, "\n"; 

} 

 
 

Fig. 1. A simple program in Dafny for performing integer division.

the invariant clause) and, in some cases, a loop variant (with the decreases
clause), to help the verifier accomplish its job.

The Main method is the entry point of a program in Dafny. In this example, it
exercises the div method for some inputs, and checks (with assert) and prints
the corresponding outputs. Like with pre and postconditions, assert statements
are checked statically by the Dafny verifier. In this example, the verifier will
try to prove the assertion based only on the postcondition of the div method
(i.e., the method body is opaque for this purpose); this makes the verification
modular and scalable. Since assertions are checked statically, test cases such as
the one shown do actually test the specification in pre-compile time, and not the
implementation at run-time; such static test cases are useful to detect problems
in the specification, e.g., incomplete postconditions.

All the specification constructs and assertions mentioned above (indicated
with the requires, ensures, invariant, decreases, and assert clauses) are
used as annotations for verification purposes only (during static analysis), but
are not compiled into the executable program, so do not cause runtime overhead.

2.2 Lemmas and Automatic Induction (Power of a Number)

In this case study, the goal is to prove the correctness of a well-known O(log n)
divide-and-conquer algorithm to compute the natural power of a real number
(xn). Self-explanatory excerpts are shown in Fig. 2 and the full code is avail-
able in Sec. A.2. It illustrates the usage of lemmas, to specify properties that
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Dafny alone cannot deduce, and automatic induction, i.e., the ability of Dafny
to automatically prove some properties by induction (directive :induction a).

// Recursive definition of x^n in functional style. 

function power(x: real, n: nat) : real { 

    if n == 0 then 1.0 else x * power(x, n-1) 

} 

// Computation of x^n in time and space O(log n). 

method powerDC(x: real, n: nat) returns (p : real) 

  ensures p == power(x, n) 

{ ... 

    if n % 2 == 0 { 

        productOfPowers(x,  n/2, n/2); // recall lemma 

        var temp := powerDC(x, n/2); 

        return temp * temp; 

    } ... 

} 

// States the property x^a * x^b = x^(a+b), used by 'powerDC'.  

// The property is proved by automatic induction on 'a'. 

lemma {:induction a} productOfPowers(x: real, a: nat, b: nat)  

  ensures power(x, a) * power(x, b)  == power(x, a + b)  

{/*Proof should go here, but is discovered by Dafny!*/} 

Fig. 2. Excerpts of a program in Dafny for computing the natural power of a number.

2.3 Modules, Mutable Objects and Generics (Insertion Sort)

In this case study, we explore Dafny features for working with mutable objects
(in this case, arrays) and generics, and separating specification, implementation,
and test code with modules. Self-explanatory excerpts are shown in Fig. 3.

The array sorting problem is specified by the bodyless sort method in the
abstract module Sorting, resorting to auxiliary predicates. The frame condition
“modifies a” indicates that an implementation may modify the contents ref-
erenced by a. In the postcondition, “old(a[...])” and “a[..]” give the array
contents at the begin and end of method execution, respectively, as mathemat-
ical sequences. Dafny has some support for generic predicates, functions and
methods, but, unfortunately, does not support type parameters that are subject
to operations other than equality (==); so, for demo purposes, we declared the
type of array elements with a specific type definition.

Sorting algorithms may be provided in concrete modules that refine the ab-
stract module, as in the InsertionSort module, inheriting the method contract
and providing the actual algorithm in the body (omitted here). In this case, we
just had to provide the loop invariants for the verifier to successfully check the
correctness of the insertion sort algorithm with respect to the specification.

The module TestSorting shows an example of a test case of the sort
method. For the Dafny verifier to successfully check the test outcome in the
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abstract module Sorting { 

  type T = int // generics limitation! 

  method sort(a: array<T>) 

    modifies a     

    ensures isSorted(a[..]) && isPermutation(a[..], old(a[..])) 

} 
 

module InsertionSort refines Sorting { 

  method sort(a: array<T>) {...} 

} 
 

abstract module TestSorting { 

  import opened Sorting   

  method testSort () { 

    var a := new T[] [9, 3, 6, 9]; 

    assert a[..] == [9, 3, 6, 9]; // proof helper! 

    sort(a); 

    SortingUniquenessProp(a[..],  [3, 6, 9, 9]); //proof helper! 

    assert a[..] ==  [3, 6, 9, 9];  

  } 

  lemma SortingUniquenessProp(a: seq<T>, b: seq<T>) 

    requires isSorted(a) && isSorted(b) && isPermutation(a, b)  

    ensures a == b 

  { /* handwritten proof by induction goes here*/} 

} 

 

 

 

Fig. 3. Organization of an array sorting program in Dafny using modules.

last assert statement, we had to write an auxiliary lemma implying that the
outcome of sort is unique. Surprisingly, for the code to be checked success-
fully, we also had to provide some further “proof helper” assertions (as the first
assertion) stating trivial facts that we expected to be taken for granted.

2.4 State Abstraction and Automatic Contracts (Priority Queue)

In this case study, we explore Dafny features for separating specification and
implementation and handling class invariants in object-oriented programs, fol-
lowing design by contract (DbC) principles. Excerpts of the specification of a
priority queue and its implementation with a binary heap are shown in Fig. 3.

The operations’ pre and postconditions of the priority queue (top box in
Fig. 3) are specified independently of the internal state representation (a bi-
nary heap in this case), by resorting to a state abstraction function (elems).
This function gives the priority queue contents as a multiset (allowing repeated
values), and serves only for specification and verification purposes (doesn’t gen-
erate executable code); to keep the specification at a high level of abstraction,
it doesn’t tell the ordering of elements (which is given by deleteMax).

In a subsequent refinement (box at the center of Fig. 3), it is chosen an
internal (concrete) state representation - a binary heap stored in an array. It is
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also provided an implementation (body) for each method (box at the bottom of
Fig. 4). The definition and verification of class invariants, stating restrictions on
the internal state to be respected at method boundaries, is facilitated in Dafny
with so-called automatic contracts, using the “:autocontracts” attribute. The
class invariant is specified in a predicate Valid; calls to that predicate, together
with some frame conditions, are automatically injected in the preconditions of
all methods and in the postconditions of all methods and constructors.

class {:autocontracts} PriorityQueue { 

  function elems(): multiset<T> // State abstraction function  

  constructor () 

    ensures isEmpty() 

  predicate method isEmpty()  

    ensures isEmpty() <==> elems() == multiset{} 

  method insert(x : T) 

    ensures elems() == old(elems()) + multiset{x} 

  method deleteMax() returns (x: T) 

    requires ! isEmpty() 

    ensures isMax(x,old(elems())) && elems()==old(elems())-multiset{x} 

} 
 

// Concrete state representation 

var heap: array<T>; 

var size : nat;  

// State abstraction function 

function elems(): multiset<T> { multiset(heap[..size]) } 

// Class invariant (heap invariant) 

predicate Valid()  { 

  // valid size && each node is less or equal than its parent 

  size<=heap.Length && forall i :: 1<=i<size ==> heap[i]<=heap[(i-1)/2] 

} 
 

// Inserts a value x in the heap. 

method insert(x : T) 

  ensures elems() == old(elems()) + multiset{x} 

{ 

  // if needed, grows the array   

  if size == heap.Length { grow(); } 

  // Place at the bottom 

  heap[size] := x; 

  size := size + 1; 

  // Move up as needed in the heap 

  heapifyUp(); 

} 

  
 

Fig. 4. Excerpts of a specification (top) of a priority queue and its implementation
(center and bottom) with a binary heap in Dafny.

Thanks to the state abstraction function and the class invariant, the Dafny
verifier is able to automatically check the conformity of the methods’ imple-



8 João Pascoal Faria and Rui Abreu

mentation (defined in terms of the concrete state) against the methods’ pre and
postconditons (defined in terms of the abstract state), without further burden
from the user! We only had to define an auxiliary lemma, showing that the heap
invariant (indicated by the predicate Valid in Fig. 4) implies that the maximum
is at the top (array index 0).

2.5 Proof Techniques (Topological Sorting, Eulerian Circuit)

Not surprisingly, simple algorithms may require complex proofs, as illustrated
in the topological sorting case study. In fact, the Kahn’s algorithm [16] can be
encoded in just 6 lines of code (at a high level of abstraction), but, to prove its
correctness, we had to write 7 auxiliary lemmas, sketched in Fig. 5. Fortunately,
Dafny supports a rich variety of proof techniques and is able to fill in most (if
not all) of the proof steps, so we only had to provide key intermediate steps,
making the handwritten proof of each lemma rather short.

a non-empty acyclic graph must 

have at least one vertex without 

incoming edges (by contradiction)

Topological sorting of an acyclic 

directed graph (Kahn’s algorithm)

removing a vertex v from an 

acyclic graph G produces an 

acyclic graph (by contradiction)

it is possible to generate a path of 

any length n in a non-empty graph 

G in which all vertices have 

incoming edges (by construction)

given a path p in a non-empty 

graph G, if the length of p 

exceeds the number of vertices, 

then G has cycles (by deduction)

the length of a sequence p

of distinct elements from a set 

s cannot exceed the cardinality 

of the set (by induction)

given a complex path p in a graph G, 

there exists a simple path (without 

repeated edges) in G from the first to 

the last vertex in the p (by induction)

if there is a path from u to v in a 

graph G then a path from u to v

also exists in any super-graph 

G' of G (by induction)

Fig. 5. Lemmas and proof techniques used to prove the correctness of Kahn’s algorithm.

However, the way the proof steps are written may have a significant impact
on the verification time. E.g., in the Eulerian circuit case study, approximately
20 seconds were spent in the verification of a lemma stating that, if an Euler
trail r exists in a graph G (i.e., a path that traverses each edge of G exactly
once), then each vertex of G has an even number of adjacent vertices, except
for the first and last vertex in r in case they are different. The proof is done
by induction. By rewriting the inductive step so that the first edge is removed
from r and G instead of the last one (possibly better matching the structure of
recursive definitions needed in the proof), the verification time was reduced to
less than 1 second!
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3 Results and Discussion

In this section, we summarize the metrics collected and lessons learned from the
case studies conducted, and draw some conclusions regarding our research goal.

3.1 Metrics Collected

Table 2 summarizes the metrics collected in the case studies. Size of the code
categories described in Table 3 is measured in physical lines of code (LOC),
ignoring blank lines and comments.

The execution times were measured in an Intel(R) Core(TM) i7-8750H CPU
@ 2.20GHz laptop with 6 cores and 16 GB RAM running Windows 10 Enterprise.
We used v2.1.1 of the Dafny extension for VS Code and version 3.3.0 of the Dafny
server and, in some cases, version 2.3.0 due to a bug with Z3 and Dafny v3 7.

Table 2. Results of the case studies (size, time and proof obligations).

Program Impl.
LOC

Test
LOC

Spec.
LOC

Verif.
LOC

Total
LOC

(S+V)/
(I+T)

Proof
Oblig.

Ver.Time
(sec.)

Integer Division 10 5 2 2 19 0.27 15 0.5
Power of a Number 17 7 4 5 33 0.38 45 0.5
Binary Search 15 7 7 3 32 0.45 51 0.5
Insertion Sort 13 13 10 21 57 1.19 90 1
Priority Queue 74 13 30 35 152 0.75 483 3
Hash Set 86 16 57 38 197 0.93 656 16
Tree Set 87 13 39 38 177 0.77 809 18
Stable Marriage 50 66 54 10 180 0.55 209 7
Topological Sorting 19 18 21 94 152 3.11 157 3
Eulerian Circuit 32 10 66 115 223 4.31 407 19
Total 403 168 290 361 1222 1.14 2922 69

Table 3. Code categories.

Category Description
Implemen-
tation

“Traditional”, compilable, implementation code (method signatures,
method bodies, data definitions, etc.).

Test Test code (checked statically or dynamically), including assertions.

Specification Specification of contracts, including requires and ensures clauses, class
invariants, frame conditions, and auxiliary definitions used in them.

Verification
Verification helper code, such as, lemmas and all non-compilable code
inside method bodies (loop variants, loop invariants, assertions, invo-
cation of lemmas, manipulation of ghost variables, etc.).

7 https://github.com/dafny-lang/dafny/issues/1498

https://github.com/dafny-lang/dafny/issues/1498
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Impl. LOC

33%

Test LOC

14%

Verif. LOC

29%

Spec. LOC

24%

Code size (LOC) distribution

Fig. 6. Code size (LOC) distribution.

On average, the amount of code written for formal specification (S) and
verification (V) purposes is of the same order of magnitude as the “traditional”
code written for implementation (I) and testing (T) purposes – an “overhead”
that certainly pays off, at least for high-integrity software. The average ratio is
(S+V)/(I+T)=1.14, ranging from 0.27 in the simplest case to 4.31 in the most
complex case. The pie chart of Fig. 6 shows a balanced size distribution, on
average, between the different code categories.

The overhead on user time is difficult to measure as it depends heavily on the
user experience. A fair assessment should be done in a different context (in the
case studies, the algorithms were known, but the verification strategies had to be
discovered in many cases). We believe that, with proper training, in cases where
new algorithms have to be designed, the specification and verification effort can
be of the same order of magnitude as the design, implementation, and test effort.

The number of proof obligations (POs) generated and checked by the Dafny
verifier is impressive, with 2.4 POs generated on average per LOC written (2922
POs/1222 LOC in Table 2), and 7.3 per implementation LOC (2922 POs/403
LOC in Table 2), in the case studies. The performance of the Dafny verifier was
also impressive, with 24 ms spent on average per PO generated and verified (69
sec/292 POs in Table 2), in this set of case studies.

However, based on the experience of the case studies, it is important to note
that the verification of some POs may be significantly higher, in the order of
minutes, or not even terminate. When that happens, with careful debugging
and refactoring (of assertions, verification code, etc.), one may usually reduce
the verification time drastically (as illustrated in the Euler Circuit case study).

3.2 Lessons Learned

The lessons learned from the case studies are summarized in Tables 4 and 5,
using a color scheme to highlight strengths and weaknesses. Overall, the Dafny
language and verifier proved to be very powerful, automating most of the ver-
ification work, with minor language limitations (regarding generics, automatic
contracts, and other aspects). Regarding our main research question, the major
difficulty we found is that the manual verification work may be significant and
difficult to predict and master in non-trivial programs.
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Table 4. Lessons learned from the case studies (Part I).

Category Lessons learned (strengths and weaknesses)

Dafny
Lan-
guage

– Integrated language for writing specifications (methods’ pre and
postconditions), implementations (methods’ bodies), and verifica-
tion helper code (e.g., loop invariants)[ex: Integer Division].

– Rich set of logical quantifiers (forall, exists, etc.) and mathe-
matical collections (sequences, sets, multisets, maps, etc.), for writ-
ing specifications and assertions and describing complex algorithms at a
high level of abstraction [ex: Binary Search, Stable Marriage].

– Inductive data types and pattern matching expressions may be
used to keep the code at a high level of abstraction [ex: Hash Set].

– Null safety: reference types are not nullable unless they are marked
with the “?” suffix. [ex: Tree Set]

– Constructs to specify frame conditions and query the old object
state, when working with mutable objects [ex: Insertion Sort].

– Modules enable a clear separation between specification, implementa-
tion, and test code [ex: Insertion Sort].

– Limited support for generics: lack of support for type parameters that
are subject to operations other than equality [ex: Binary Search].

– The support for explicitly separating specification and implementation
and hiding implementation details in object-oriented programs has room
for improvement (e.g., there are no visibility modifiers) [ex: Tree Set].

Dafny
Com-
piler

– The Dafny compiler is able to generate executable code in multiple
target languages (in this case, only C# is explored).

– Assertions and other constructs used for specification & verification pur-
poses are not compiled, so they imply no runtime overhead.

Dafny
Verifier

– In many cases, the verifier is able to automatically check that the
implementation conforms to the specification, with minimal user
help (that may only have to write loop invariants) [ex: Integer Division].

– Dafny is frequently able to discover loop variants [ex: Binary Search].
– Outside of a method, the method body is opaque for verification pur-

poses (only the pre and postconditions matter), making the verification
process modular and scalable.

Manual
Verifi-
cation
Work

– Dafny effectively supports a rich variety of proof techniques (by de-
duction, by induction, by contradiction, by construction, calcu-
lational[17]) [ex: Topological Sorting, Tree Set]

– Auxiliary properties may need to be defined by the user (as lemmas) to
help the verifier, but the proof itself may be greatly or totally automated,
with many details automatically filled in; discovering what properties
need to be defined is not trivial, though [ex: Power, Top. Sort.].

– It is difficult to predict when and what manual work will be
needed (beyond writing loop invariants) for a successful verification
[ex: Insertion Sort, Topological Sorting].
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Table 5. Lessons learned from the case studies (Part II).

Category Lessons learned (strengths and weaknesses)

Auto-
matic
con-
tracts

– Dafny supports the definition and enforcement of class invariants,
especially using the ”:autocontracts“ attribute, also taking care of the
generation of appropriate frame conditions [ex: Priority Queue].

– Automatic contracts have room for improvement; in some cases, the user
may need to resort to lower level features [ex: Tree Set, Hash Set].

– Getting the contracts right in classes that represent self-referencing data
structures may be rather tricky [ex: Tree Set].

– There are apparent conflicts between inheritance and automatic con-
tracts [ex: Priority Queue].

State
Abstrac-
tion

– State abstraction functions (ghost functions) allow specifying the
semantics (pre/postconditions) of the services provided by a class inde-
pendently from the implementation (method bodies and internal state
representation) [ex: Priority Queue].

– State abstraction may also be accomplished through abstract state
variables (ghost variables), whose abstraction relation to the concrete
state variables is specified in the class invariant [ex: Hash Set].

Testing

– Testing is still relevant, but mainly for statically testing the specifi-
cation, and not dynamically testing the implementation (proved to be
correct with respect to the specification) [ex: Integer division, Ins. Sort].

– Test cases that allow multiple outputs can be easily specified and checked
[ex: Insertion Sort].

Debug-
ging and
Profiling

– When verification fails, the Dafny language and the Dafny verifier pro-
vide several convenient features for debugging purposes, such as the
assume statement and the “/tracePOs” option [ex: Eulerian Circuit].

– When the verification time is high, most of the time may be concentrated
on one or two assertions. By identifying and rewriting such assertions,
the verification time may be drastically reduced [ex: Eulerian Circuit].

3.3 Accessibility assessment

We distinguish three levels of competencies required for the development of ver-
ified programs in Dafny, with decreasing accessibility:

– basic: writing implementation and test code;
– intermediate: writing specifications (pre/post-conditions, frame conditions,

class invariants, and related predicates and functions), and loop variants and
invariants;

– advanced: identifying and writing the needed verification code, besides loop
variants and invariants (auxiliary lemmas, assertions, ghost variables, etc.).

Lessons learned and metrics collected in the case studies suggest that, even
in seemingly simple problems, the user may need to be skilled in advanced veri-
fication features and techniques.
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Hence, despite the impressive improvements in automated program verifi-
cation provided by Dafny, we claim that “we are very close to, but not there
yet” regarding the goal of making the development of verified programs acces-
sible for software engineering practitioners and students. Further automation
and systematization of verification tasks (including reusable libraries of common
properties and “how to” guides), and integration in mainstream languages, are
possible directions for further work in the field.

Our assessment is corroborated by our experience in teaching a course on
“Formal Methods in Software Engineering”8 with 151 master students enrolled
in the 2020/21 academic year, with a very positive students feedback (average
score of 6 out of 7). Students with a high grade (≥ 85%) in a midterm exam
were invited to develop a project in Dafny, consisting in the development of a
verified implementation of an algorithm or data structure of medium complexity
(hash set, tree set, stable marriage, topological sorting, Eulerian circuit, and text
compression). Out of 28 students eligible, 14 picked the challenge, but only 9
delivered, and none met the goals fully. We should note that the classes on formal
specification and verification (4 hours per week during 6 weeks) only superficially
addressed advanced verification techniques, and the students had a relatively
short time to do the project (1 month). This experience led us to conclude that
more advanced training is required to prepare interested students to handle non-
trivial specification and verification problems using Dafny or similar systems.

4 Related Work

In [18], the authors report their experience of using Dafny at the VerifyThis
2021 program verification competition, which aims to evaluate the usability of
logic-based program verification tools in a controlled experiment, challenging
both the verification tools and the users of those tools. They tackled two of the
proposed challenges, and, as a result, identify strengths and weaknesses of Dafny
in the verification of relatively complex algorithms. Some strengths mentioned
are: Dafny’s ability to prove termination and memory safety with little input;
built-in value types, such as sets, sequences, multisets, and maps; predicates and
lemmas for more concise specifications; automatic induction; ghost variables and
functions. They found it difficult to verify properties of possibly null objects,
among other difficulties, impeding them from completing all the tasks on time.

In [19] the authors argue that formal verification tools are often developed
by experts for experts; as a result, their usability by programmers with little for-
mal methods experience may be severely limited. They present their experiences
with AutoProof (a tool that can verify the functional correctness of object-
oriented software in Eiffel) in two contexts representative of non-expert usage.
First, they discuss its usability by students in a graduate course on software
verification, who were tasked with verifying implementations of various sorting
algorithms. Second, they evaluate its usability in verifying code developed for
8 https://sigarra.up.pt/feup/en/UCURR_GERAL.FICHA_UC_VIEW?pv_ocorrencia_i
d=459493

https://sigarra.up.pt/feup/en/UCURR_GERAL.FICHA_UC_VIEW?pv_ocorrencia_id=459493
https://sigarra.up.pt/feup/en/UCURR_GERAL.FICHA_UC_VIEW?pv_ocorrencia_id=459493
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programming assignments of an undergraduate course. They report their experi-
ences and lessons learned, from which they derive some suggestions for improving
the usability of verification tools. They report an average 1.3 ratio between the
number of tokens in specification and verification annotations and implemen-
tation code, in two small programs. In spite of the differences in context and
measurement units, that ratio is of the same order of magnitude as ours.

In [20] the authors refer that formal methods are often resisted by students
due to perceived difficulty, mathematicity, and practical irrelevance. They re-
developed their software correctness course by taking a programming intensive
approach, using Dafny to provide instant formative feedback via automated as-
sessment, which resulted in increased student retention and course evaluation.
Although very positive overall, their students found Dafny difficult to learn and
use, and the informal observations of the authors are that many of those diffi-
culties stem from “accidental” complexity introduced by the Dafny tool. They
propose some changes to Dafny’s design to tackle some issues found related to
program testing, verification debugging, and class invariants, among others.

5 Conclusions and Future Work

We conducted a set of case studies of developing verified implementations in
Dafny of some real-world and well-known algorithms and data structures, with
the goal of determining its accessibility for software engineering students, practi-
tioners and researchers. We concluded that, despite the impressive improvements
in automated program verification provided by Dafny, the manual work needed in
writing auxiliary verification code may be significant and difficult to predict and
master. Further automation and systematization of verification tasks (including
reusable libraries of common properties and “how to” guides), and integration in
mainstream languages, are possible directions for further work in the field. We
also intend to conduct further studies with other verifiers and problems.
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A Code of the Case Studies

A.1 Integer Division

/∗
∗ The Dafny "Hel lo , World ! " : a s imple program f o r per forming
∗ i n t e g e r d i v i s i o n .
∗/

// Computes the quot i ent ’q ’ and remainder ’ r ’ o f the i n t e g e r
// d i v i s i o n o f a (non−negat ive ) d iv idend ’n ’ by a ( p o s i t i v e )
// d i v i s o r ’d ’ .
method div (n : nat , d : nat ) r e tu rn s (q : nat , r : nat )

r e qu i r e s d > 0
ensure s q ∗ d + r == n && r < d

{
q := 0 ;
r := n ;
whi l e r >= d

dec r ea s e s r
i nva r i an t q ∗ d + r == n

{
q := q + 1 ;
r := r − d ;

}
}

// Main program , with a s imple t e s t case ( checked s t a t i c a l l y ! )
method Main ( ) {

var q , r := div (15 , 6 ) ;
a s s e r t q == 2 && r == 3 ;
p r i n t "q = " , q , " r=", r , "\n " ;

}

A.2 Power of a Number

/∗
∗ Formal v e r i f i c a t i o n o f an O( log n) a lgor i thm to c a l c u l a t e
∗ the natura l power o f a r e a l number (x^n ) , i l l u s t r a t i n g the
∗ usage o f lemmas and automatic induct i on in Dafny .
∗/

// Recurs ive d e f i n i t i o n o f x^n in f un c t i o n a l s t y l e ,
// with time and space complexity O(n ) .
f unc t i on power (x : r ea l , n : nat ) : r e a l {

i f n == 0 then 1 .0 e l s e x ∗ power (x , n−1)
}
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// Computation o f x^n in time and space O( log n ) .
method powerDC(x : r ea l , n : nat ) r e tu rn s (p : r e a l )

ensure s p == power (x , n)
{

i f n == 0 {
return 1 . 0 ;

}
e l s e i f n == 1 {

return x ;
}
e l s e i f n % 2 == 0 {

productOfPowers (x , n/2 , n /2 ) ; // r e c a l l lemma
var temp := powerDC(x , n /2 ) ;
r e turn temp ∗ temp ;

}
e l s e {

productOfPowers (x , (n−1)/2 , (n−1)/2) ; // r e c a l l lemma
var temp := powerDC(x , (n−1)/2) ;
r e turn temp ∗ temp ∗ x ;

}
}

// Sta t e s the property x^a ∗ x^b = x^(a+b ) .
// The property i s proved by automatic induct ion on ’ a ’ .
lemma { : induct i on a} productOfPowers ( x : r ea l , a : nat , b : nat )

ensure s power (x , a ) ∗ power (x , b ) == power (x , a + b)
{ }

// A few t e s t ca s e s ( checked s t a t i c a l l y by Dafny ) .
method testPowerDC ( ) {

var p1 := powerDC( 2 . 0 , 5 ) ; a s s e r t p1 == 32 . 0 ;
var p2 := powerDC(−2.0 , 2 ) ; a s s e r t p2 == 4 . 0 ;
var p3 := powerDC(−2.0 , 1 ) ; a s s e r t p3 == −2.0;
var p4 := powerDC(−2.0 , 0 ) ; a s s e r t p4 == 1 . 0 ;
var p5 := powerDC( 0 . 0 , 0 ) ; a s s e r t p5 == 1 . 0 ;

}

A.3 Binary Search

/∗
∗ Formal v e r i f i c a t i o n o f the binary search a lgor i thm with
∗ Dafny .
∗/

type T = in t // f o r demo purposes , but could be another type

// Checks i f array ’ a ’ i s s o r t ed .
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p r ed i c a t e i s So r t ed ( a : array<T>)
reads a

{
f o r a l l i , j : : 0 <= i < j < a . Length ==> a [ i ] <= a [ j ]

}

// Finds a value ’x ’ in a so r t ed array ’ a ’ , and r e tu rn s
// i t s index , or −1 i f not found .
method binarySearch ( a : array<T>, x : T) r e tu rn s ( index : i n t )

r e qu i r e s i s So r t ed ( a )
ensure s (0 <= index < a . Length && a [ index ] == x)

| | ( index == −1 && x ! in a [ . . ] )
{

var low , high := 0 , a . Length ;
whi l e low < high

inva r i an t 0 <= low <= high <= a . Length
i nva r i an t x ! in a [ . . low ] && x ! in a [ high . . ]

{
var mid := low + ( high − low ) / 2 ;
i f {

case a [ mid ] < x => low := mid + 1 ;
case a [ mid ] > x => high := mid ;
case a [ mid ] == x => return mid ;

}
}
re turn −1;

}

// Simple t e s t ca s e s to check the post−cond i t i on .
method tes tB inarySearch ( ) {

var a := new in t [ 5 ] [ 1 , 4 , 4 , 6 , 8 ] ;
a s s e r t a [ . . ] == [ 1 , 4 , 4 , 6 , 8 ] ; // Proof he lpe r
var id1 := binarySearch (a , 6 ) ; a s s e r t id1 == 3 ;
var id2 := binarySearch (a , 3 ) ; a s s e r t id2 == −1;
var id3 := binarySearch (a , 4 ) ; a s s e r t id3 in {1 , 2} ;

}

A.4 Insertion Sort

/∗
∗ Formal v e r i f i c a t i o n o f the i n s e r t i o n s o r t a lgor i thm
∗ with Dafny .
∗/

// Contract f o r s o r t i n g a lgor i thms .
ab s t r a c t module Sor t ing {

type T = in t // f o r demo purposes , but could be another type
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// Abstract method de f i n i n g the cont rac t ( semant ics ) o f
// array s o r t i n g .
method s o r t ( a : array<T>)

mod i f i e s a
ensure s i s So r t ed ( a [ . . ] )
ensure s mu l t i s e t ( a [ . . ] ) == mul t i s e t ( o ld ( a [ . . ] ) )

// Aux i l i a ry p r ed i c a t e that checks i f a sequence ’ a ’
// i s so r t ed .
p r ed i c a t e i s So r t ed ( s : seq<T>) {

f o r a l l i , j : : 0 <= i < j < | s | ==> s [ i ] <= s [ j ]
}

}

// S t a t i c t e s t s o f the Sor t ing cont rac t
ab s t r a c t module TestSort ing {

import opened Sor t ing

method te s tSo r tS imp l e ( ) {
var a := new T [ ] [ 9 , 4 , 6 , 3 , 8 ] ;
a s s e r t a [ . . ] == [ 9 , 4 , 6 , 3 , 8 ] ; // prover he lpe r !
s o r t ( a ) ;
a s s e r t a [ . . ] == [ 3 , 4 , 6 , 8 , 9 ] ;

}

method testSortWithDups ( ) {
var a := new T [ ] [ 9 , 3 , 6 , 9 ] ;
a s s e r t a [ . . ] == [ 9 , 3 , 6 , 9 ] ; // prover he lpe r
s o r t ( a ) ;
Sort ingUniquenessProp ( a [ . . ] , [ 3 , 6 , 9 , 9 ] ) ;
a s s e r t a [ . . ] == [ 3 , 6 , 9 , 9 ] ; // a s s e r t i o n v i o l a t i o n ( ! ? )

}

// State and prove by induct i on the property that , i f two
// sequences are so r t ed and have the same mu l t i s e t o f
// elements , then they must be i d e n t i c a l ( so s o r t i n g has a
// unique s o l u t i o n ) .
lemma Sort ingUniquenessProp ( a : seq<T>, b : seq<T>)

r e qu i r e s i s So r t ed ( a ) && i sSo r t ed (b)
&& mul t i s e t ( a ) == mul t i s e t (b)

ensure s a == b
{

// r e c a l l s u s e f u l p r op e r t i e s about sequences and t h e i r
// mu l t i s e t s
seqProps ( a ) ;
seqProps (b ) ;

// key s t ep s o f proo f by induct i on on ’ a ’ and ’b ’
// ( the r e s t i s f i l l e d in by Dafny )
i f | a | > 0 {

Sort ingUniquenessProp ( a [ 1 . . ] , b [ 1 . . ] ) ;
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}
}

// Sta t e s two p r op e r t i e s about sequences ( proved by Dafny
// a lone ) :
// − sequence concatenat ion r e v e r t s s p l i t t i n g in head and
// t a i l ;
// − e lements o f a sequence belong to i t s mu l t i s e t .
lemma seqProps ( a : seq<T>)

ensure s | a | > 0 ==> a == [ a [ 0 ] ] + a [ 1 . . ]
ensure s f o r a l l i : : 0 <= i < | a | ==> a [ i ] in mu l t i s e t ( a )

{}
}

module I n s e r t i o nSo r t r e f i n e s Sor t ing {
// Sor t s array ’ a ’ us ing the i n s e r t i o n s o r t a lgor i thm .
// I n h e r i t s the cont rac t from Sort ing .
method s o r t ( a : array<T>) {

f o r i := 0 to a . Length
i nva r i an t i s So r t ed ( a [ . . i ] )
i nva r i an t mu l t i s e t ( a [ . . ] ) == mul t i s e t ( o ld ( a [ . . ] ) )

{
var j := i ;
whi l e j > 0 && a [ j −1] > a [ j ]

i nva r i an t f o r a l l l , r : : 0 <= l < r <= i && r != j
==> a [ l ] <= a [ r ]

i nva r i an t mu l t i s e t ( a [ . . ] ) == mul t i s e t ( o ld ( a [ . . ] ) )
{

a [ j −1] , a [ j ] := a [ j ] , a [ j −1] ; //swap ( p a r a l l e l a s s i gn . )
j := j − 1 ;

}
}

}
}

A.5 Priority Queue

/∗
∗ Formal s p e c i f i c a t i o n and v e r i f i c a t i o n o f a P r i o r i t y Queue
∗ implemented as a heap . A heap i s a p a r t i a l l y ordered s e t
∗ r ep re s ented in an array , su i t ed to implement p r i o r i t y
∗ queues ope ra t i on s i n s e r t and deleteMax in O( heapSize ) .
∗ I l l u s t r a t e s the v e r i f i c a t i o n o f object−o r i en t ed programs
∗/

type T = in t // f o r demo purposes , but could be rea l , e t c .
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c l a s s { : autocont rac t s } Prior i tyQueue {

// Concrete s t a t e r ep r e s en t a t i on
var heap : array<T>;
var s i z e : nat ;

// Conf igurat ion parameters
s t a t i c const i n i t i a lC ap a c i t y := 10 ;

// Class i nva r i an t ( heap inva r i an t + automatic th ing s
// generated by : autocont rac t s )
p r ed i c a t e Val id ( ) {

heapInv ( )
}

// Heap inva r i an t
p r ed i c a t e { : autocont rac t s f a l s e } heapInv ( )

reads th i s , heap
{

// va l i d s i z e
s i z e <= heap . Length
// each node i s l e s s or equal than i t s parent
&& f o r a l l i : : 1 <= i < s i z e ==> heap [ i ] <= heap [ ( i −1)/2]

}

// State ab s t r a c t i on func t i on : g e t s the heap contents as a
// mu l t i s e t .
f unc t i on elems ( ) : mul t i s e t<T>
{ mul t i s e t ( heap [ . . s i z e ] ) }

// I n i t i a l i z e s the heap as empty .
con s t ruc to r ( )

ensure s isEmpty ( )
{

heap := new T[ i n i t i a lC ap a c i t y ] ;
s i z e := 0 ;

}

// Checks i f the heap i s empty
p r ed i c a t e method isEmpty ( )

ensure s isEmpty ( ) <==> elems ( ) == mul t i s e t {}
{

// to he lp proving the post−cond i t i on
a s s e r t elems ( ) == mul t i s e t {} <==> | elems ( ) | == 0 ;
// ac tua l exp r e s s i on
s i z e == 0

}

// I n s e r t s a value x in the heap .
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method i n s e r t ( x : T)
ensure s elems ( ) == old ( elems ( ) ) + mu l t i s e t {x}

{
i f s i z e == heap . Length {

grow ( ) ;
}
// Place at the bottom
heap [ s i z e ] := x ;
s i z e := s i z e + 1 ;
// Move up as needed in the heap
heapifyUp ( ) ;

}

// Method used i n t e r n a l l y to grow the heap capac i ty
method grow ( )

r e qu i r e s s i z e == heap . Length
ensure s heap . Length > s i z e
ensure s heap [ . . s i z e ] == old ( heap [ . . s i z e ] )

{
var oldHeap := heap ;
heap := new T[ i f s i z e == 0 then i n i t i a lC ap a c i t y

e l s e 2 ∗ s i z e ] ;
f o r a l l i | 0 <= i < oldHeap . Length {

heap [ i ] := oldHeap [ i ] ;
}

}

// Aux i l i a ry method to move a d i r t y node from the bottom
// upwards in the heap
method { : autocont rac t s f a l s e } heapifyUp ( )
r e qu i r e s s i z e > 0 && heapifyUpInv ( s i z e −1)
mod i f i e s heap
ensure s heapInv ( )
ensure s mu l t i s e t ( heap [ . . s i z e ])==old ( mu l t i s e t ( heap [ . . s i z e ] ) )

{
var k := s i z e − 1 ;
whi l e k > 0 && heap [ k ] > heap [ ( k − 1) / 2 ]

i nva r i an t 0 <= k < s i z e
i nva r i an t heapifyUpInv (k )
i nva r i an t mu l t i s e t ( heap [ . . s i z e ] ) ==

old ( mu l t i s e t ( heap [ . . s i z e ] ) )
{

heap [ k ] , heap [ ( k−1) / 2 ] := heap [ ( k − 1) / 2 ] , heap [ k ] ;
k := (k − 1) / 2 ;

}
}

// During heapifyUp , whi l e moving a node up at index k ,
// there are some d i f f e r e n c e s :
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// ch i l d r en o f k are so r t ed wrt parent o f k , and k i s not
// so r t ed wrt i t s parent .
p r ed i c a t e { : autocont rac t s f a l s e } heapifyUpInv (k : nat )

reads th i s , heap
{

s i z e <= heap . Length
&& ( f o r a l l i : : 1 <= i < s i z e

&& i != k ==> heap [ i ] <= heap [ ( i − 1 ) / 2 ] )
&& (k > 0 ==> f o r a l l i : : 1 <= i < s i z e && ( i −1)/2 == k

==> heap [ i ] <= heap [ ( ( i − 1)/2 − 1 ) / 2 ] )
}

// De l e t e s and r e t r i e v e s the maximum value in the heap
// ( assumed not empty ) .
method deleteMax ( ) r e tu rn s ( x : T)

r e qu i r e s ! isEmpty ( )
ensure s isMax (x , o ld ( elems ( ) ) )
ensure s elems ( ) == old ( elems ( ) ) − mul t i s e t {x}

{
// r e c a l l the lemma . . .
maxIsAtTop ( ) ;
// p ick the maximum from the top
x := heap [ 0 ] ;
// reduce the s i z e
s i z e := s i z e − 1 ;
i f s i z e > 0 {

// move l a s t element to top
heap [ 0 ] := heap [ s i z e ] ;
// move down as needed in the heap
heapifyDown ( ) ;

}
}

// De l e t e s and r e t r i e v e s the maximum value in the heap
// ( assumed not empty ) .
method geteMax ( ) r e tu rn s (x : T)

r e qu i r e s ! isEmpty ( )
ensure s isMax (x , elems ( ) )

{
maxIsAtTop ( ) ;
r e turn heap [ 0 ] ;

}

// Aux i l i a ry p r ed i c a t e to check i f a va lue i s a maximum in
// a mu l t i s e t .
p r ed i c a t e isMax (x : T, m: mult i s e t<T>) {

x in m && f o r a l l y : : y in m ==> y <= x
}
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// Aux i l i a ry method to move a d i r t y node from the top down
// in the heap
method { : autocont rac t s f a l s e } heapifyDown ( )

r e qu i r e s s i z e > 0 && heapifyDownInv (0 )
mod i f i e s heap
ensure s heapInv ( )
ensure s mu l t i s e t ( heap [ . . s i z e ] ) ==

old ( mu l t i s e t ( heap [ . . s i z e ] ) )
{

var k := 0 ;
whi l e t rue

de c r ea s e s s i z e − k
inva r i an t 0 <= k < s i z e
i nva r i an t heapifyDownInv (k )
i nva r i an t mu l t i s e t ( heap [ . . s i z e ] ) ==

old ( mu l t i s e t ( heap [ . . s i z e ] ) )
{

var l e f tCh i l d := 2 ∗ k + 1 ; // index o f l e f t c h i l d
var r i gh tCh i ld := 2 ∗ k + 2 ;
i f l e f tCh i l d >= s i z e {

re turn ; // reached the bottom
}
var maxChild := i f r i gh tCh i l d < s i z e

&& heap [ r i gh tCh i l d ] > heap [ l e f tCh i l d ]
then r i gh tCh i l d e l s e l e f tCh i l d ;

i f heap [ k ] > heap [ maxChild ] {
re turn ; // a l r eady so r t ed

}
// move up and cont inue
heap [ k ] , heap [ maxChild ] := heap [ maxChild ] , heap [ k ] ;
k := maxChild ;

}
}

// During heapifyDown , whi l e moving a node down at index k ,
// there are some d i f f e r e n c e s :
// ch i l d r en o f k are so r t ed wrt parent o f k , and k i s not
// so r t ed wrt i t s ch i l d r en .
p r ed i c a t e { : autocont rac t s f a l s e } heapifyDownInv (k : nat )

reads th i s , heap
{

s i z e <= heap . Length
&& ( f o r a l l i : : 1 <= i < s i z e && ( i −1)/2 != k

==> heap [ i ] <= heap [ ( i − 1 ) / 2 ] )
&& (k > 0 ==> f o r a l l i : : 1 <= i < s i z e && ( i −1)/2 == k

==> heap [ i ] <= heap [ ( ( i − 1)/2 − 1 ) / 2 ] )
}

// Lemma s t a t i n g that the maximum i s at the top o f the heap
// ( p o s i t i o n 0 ) . This property i s assumed by deleteMax and
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// f o l l ow s from the heap inva r i an t .
// Proved by induct ion on the s i z e o f the heap , reason why
// i t r e c e i v e s a parameter with the s i z e to con s id e r .
lemma { : induct i on n} maxIsAtTop (n : nat := s i z e )

r e qu i r e s n <= s i z e
ensure s f o r a l l i : : 0 <= i < n ==> heap [ i ] <= heap [ 0 ]

{}
}

// A simple t e s t s c ena r i o .
method te s tPr i o r i tyQueue ( ) {

var h := new Prior i tyQueue ( ) ;
a s s e r t h . isEmpty ( ) ;
h . i n s e r t ( 2 ) ;
h . i n s e r t ( 5 ) ;
h . i n s e r t ( 1 ) ;
h . i n s e r t ( 1 ) ;
var x := h . deleteMax ( ) ; a s s e r t x == 5 ;
x := h . deleteMax ( ) ; a s s e r t x == 2 ;
x := h . deleteMax ( ) ; a s s e r t x == 1 ;
x := h . deleteMax ( ) ; a s s e r t x == 1 ;
a s s e r t h . isEmpty ( ) ;

}

A.6 Hash Set

/∗
∗ Ve r i f i e d implementation o f a hash s e t with open addre s s ing
∗ and l i n e a r probing in Dafny .
∗ Provides the fundamental s e t ope ra t i on s ( conta ins , i n s e r t ,
∗ de l e t e ) , s p e c i f i e d at an abs t r a c t l e v e l , r e s o r t i n g to an
∗ abs t r a c t s t a t e v a r i a b l e s ’ elems ’ with the s e t contents .
∗/

// Datatype f o r the content o f each c e l l o f the hash tab l e .
// I t s t o r e s a value o f type T, Ni l ( no value ) or Deleted
// ( c e l l marked as de l e t ed ) .
datatype Cel l<T> = Ni l | Deleted | Some( value : T)

// Function type f o r hash func t i on s
type HashFunction <!T> = (T) −> nat

// Represents a hash s e t o f e lements o f type T ( comparable f o r
// equa l i t y ) , i . e . , a s e t s to r ed in a hash tab l e .
// Uses the " autocont rac t s " a t t r i b u t e to automat i ca l l y i n j e c t
// c l a s s i nva r i an t check ing and frame cond i t i on s
// in methods ’ pre and post−cond i t i on s .
c l a s s { : autocont rac t s } HashSet<T(==)> {
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// Ghost v a r i ab l e ( ab s t r a c t s t a t e va r i ab l e ) used f o r
// s p e c i f i c a t i o n purposes only .
ghost var elems : set<T>;

// Concrete s t a t e va r i ab l e with i n t e r n a l r ep r e s en t a t i on .
var hashTable : array<Cel l<T>>;

// Hash func t i on to be used ( provided to the con s t ruc to r ) .
const hash : HashFunction<T>;

// Number o f p o s i t i o n s used ( with some value ) and marked as
// de l e t ed in the hash tab l e .
var used : nat ;
var de l e t ed : nat ;

// I n i t i a l capac i ty o f the hash tab l e .
s t a t i c const i n i t i a lC ap a c i t y := 101 ;

// Ghost p r ed i c a t e that f o rma l i z e s the c l a s s i nva r i an t .
p r ed i c a t e Val id ( ) {

// Constra int that d e f i n e the ab s t r a c t i on r e l a t i o n between
// abs t r a c t and conc re t e s t a t e v a r i a b l e s
elems == va lSe t ( hashTable , hashTable . Length )
// Const ra in t s on the i n t e r n a l s t a t e r ep r e s en t a t i on
&& hashTable . Length > 0
&& hashTableInv ( hashTable )
&& used == | va lSe t ( hashTable , hashTable . Length ) |
&& de l e t ed == | de lSe t ( hashTable , hashTable . Length ) |

}

// Ghost p r ed i c a t e that checks the con s i s t en cy o f a hash
// tab l e ’ t ’ .
p r ed i c a t e { : autocont rac t s f a l s e }
hashTableInv ( t : array<Cel l<T>>)

reads t
{

f o r a l l i : : 0 <= i < t . Length && t [ i ] . Some?
==> val idPos ( t [ i ] . value , i , t )

}

// Ghost p r ed i c a t e that checks that ’ i ’ i s a va l i d po s i t i o n
// f o r va lue ’x ’ in hash tab l e ’ t ’ .
// ( ’ x ’ may be or not cu r r en t l y s to r ed in that p o s i t i o n )
p r ed i c a t e { : autocont rac t s f a l s e }
va l idPos (x : T, i : nat , t : array<Cel l<T>>)

r e qu i r e s 0 <= i < t . Length
reads t

{
var h := hash (x ) % t . Length ;
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h == i
| | (h < i && f o r a l l j : : h <= j < i

==> t [ j ] != Ni l && t [ j ] != Some(x ) )
| | (h > i && f o r a l l j : : h <= j < t . Length | | 0 <= j < i

==> t [ j ] != Ni l && t [ j ] != Some(x ) )
}

// Ghost func t i on that r e t r i e v e s the s e t o f va lue s s to r ed in
// the f i r s t ’n ’ p o s i t i o n s o f hash tab l e ’ t ’ .
f unc t i on { : autocont rac t s f a l s e }
va lSe t ( t : array<Cel l<T>>, n : nat ) : set<T>

r equ i r e s 0 <= n <= t . Length
reads t

{ s e t i | 0 <= i < n && t [ i ] . Some? : : t [ i ] . va lue }

// Ghost func t i on that r e t r i e v e s the s e t o f p o s i t i o n s marked
// as Deleted in the f i r s t ’n ’ p o s i t i o n s o f hash tab l e ’ t ’ .
f unc t i on { : autocont rac t s f a l s e }
de lSe t ( t : array<Cel l<T>>, n : nat ) : set<nat>

r e qu i r e s 0 <= n <= t . Length
reads t

{ s e t i | 0 <= i < n && t [ i ] . Deleted ? }

// Ghost func t i on that r e t r i e v e s the s e t o f p o s i t i o n s marked
// as Ni l in the f i r s t ’n ’ p o s i t i o n s o f hash tab l e ’ t ’ .
f unc t i on { : autocont rac t s f a l s e }
n i l S e t ( t : array<Cel l<T>>, n : nat ) : set<nat>

r e qu i r e s 0 <= n <= t . Length
reads t

{ s e t i | 0 <= i < n && t [ i ] . N i l ? }

// Aux i l i a ry lemma that s t a t e s the f o l l ow i ng property : the
// sum of the s i z e s o f valSet , de lSe t and n i l S e t
// o f a va l i d hash tab l e i s equal to the l ength o f the hash
// tab l e ( array ) .
// This i s t rue because the hash tab l e i nva r i an t imp l i e s
// that the re are no dup l i c a t e va lue s s to r ed .
// The proo f i s done by induct ion on the l ength o f the tab l e
// ( omitt ing s t ep s f i l l e d in by Dafny ) .
lemma { : autocont rac t s f a l s e }
countingLemma ( ht : array<Cel l<T>>, l en : nat , v : nat , d : nat ,

n : nat )
r e qu i r e s 0 <= len <= ht . Length
r e qu i r e s hashTableInv ( ht )
r e qu i r e s v == | va lSe t ( ht , l en ) |

&& d == | de lSe t ( ht , l en ) |
&& n == | n i l S e t ( ht , l en ) |

ensure s v + d + n == len
{

i f l en > 0 {
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var vs := va lSe t ( ht , l en ) ;
var ds := de lSe t ( ht , l en ) ;
var ns := n i l S e t ( ht , l en ) ;
var vs1 := va lSe t ( ht , len −1);
var ds1 := de lSe t ( ht , len −1);
var ns1 := n i l S e t ( ht , len −1);
// r e c u r s i v e part
countingLemma ( ht , len −1, | vs1 | , | ds1 | , | ns1 | ) ;
// incrementa l part
match ht [ len −1] {

case Deleted => a s s e r t vs == vs1
&& ds == ds1 + { len −1} && ns == ns1 ;

case Ni l => a s s e r t vs == vs1
&& ds == ds1 && ns == ns1 + { len −1};

case Some(x ) => a s s e r t vs == vs1 + {x}
&& ds == ds1 && ns == ns1 ;

}
}

}

// In t e r na l p r ed i c a t e that checks i f the hash tab l e i s
// ’ f u l l ’ , in the sense that a l l p o s i t i o n s are occupied with
// a value or are marked as de l e t ed ( i . e . , the re are no
// p o s i t i o n s with Ni l ) . In that case , i n s e r t i n g a new value
// might not be p o s s i b l e .
p r ed i c a t e method f u l l ( )
ensure s f u l l ( ) <==> n i l S e t ( hashTable , hashTable . Length)=={}

{
// to he lp proving the post−cond i t i on ( equ iva l ence ) :
countingLemma ( hashTable , hashTable . Length , used , de le ted ,

| n i l S e t ( hashTable , hashTable . Length ) | ) ;
// the ac tua l f unc t i on value
used + de l e t ed == hashTable . Length

}

// Publ ic method that checks i f t h i s s e t conta in s a value x .
method conta in s ( x : T) r e tu rn s ( r e s : bool )

ensure s r e s <==> x in elems
{

var pos := l o c a t e (x ) ;
r e turn pos != −1 && hashTable [ pos ] == Some(x ) ;

}

// I n t e r n a l method that determines the l o c a t i o n ( ’ pos ’ ) f o r
// a value ’x ’ ( e x i s t e n t or to be i n s e r t e d ) .
// I f such a l o c a t i o n cannot be found ( because the t ab l e i s
// f u l l ) , r e tu rn s −1.
// In the case o f a new value , t r i e s to reuse p o s i t i o n s
// marked as de l e t ed .
method l o c a t e ( x : T) r e tu rn s ( pos : i n t )
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r e qu i r e s Val id ( )
ensure s x in elems ==> 0 <= pos < hashTable . Length

&& hashTable [ pos ] == Some(x )
ensure s x ! in elems ==> ( pos == −1 && f u l l ( ) ) | |

(0 <= pos < hashTable . Length
&& ! hashTable [ pos ] . Some?
&& val idPos (x , pos , hashTable ) )

{
var h := hash (x ) % hashTable . Length ;
var reuse := −1;
f o r i := h to hashTable . Length

i nva r i an t f o r a l l j : : h <= j < i
==> hashTable [ j ] != Ni l && hashTable [ j ] != Some(x )

i nva r i an t reuse == −1 | |
(h <= reuse < i && hashTable [ r euse ] == Deleted )

{
i f hashTable [ i ] == Ni l | | hashTable [ i ] == Some(x ) {

re turn i ;
}
i f hashTable [ i ] == Deleted && reuse == −1 {

reuse := i ;
}

}
f o r i := 0 to h

inva r i an t f o r a l l j : : 0<=j<i | | h<=j<hashTable . Length
==> hashTable [ j ] != Ni l && hashTable [ j ] != Some(x )

i nva r i an t reuse == −1
| | ( ( 0 <= reuse < i | | h <= reuse < hashTable . Length )

&& hashTable [ r euse ] == Deleted )
{

i f hashTable [ i ] == Ni l | | hashTable [ i ] == Some(x ) {
re turn i ;

}
i f hashTable [ i ] == Deleted && reuse == −1 {

reuse := i ;
}

}
re turn reuse ;

}

// Publ ic con s t ruc to r that r e c e i v e s the hash func t i on to be
// used and i n i t i a l i z e s the s e t as empty .
con s t ruc to r ( hash : HashFunction<T>)

ensure s elems == {}
{

// i n i t i a l i z e conc re t e s t a t e v a r i a b l e s
t h i s . hash := hash ;
hashTable := new Cel l<T>[ i n i t i a lC ap a c i t y ] (_ => Ni l ) ;
used := 0 ;
de l e t ed := 0 ;
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// i n i t i a l i z e ghost / ab s t r a c t s t a t e v a r i a b l e s
elems := {} ;

}

// In t e r n a l method that i n s e r t s a new value ’x ’ i n to the
// hash set , guaranteed to be not f u l l .
method insertAux (x : T)

r e qu i r e s x ! in elems
r e qu i r e s ! f u l l ( )
ensure s elems == old ( elems ) + {x}
ensure s de l e t ed <= old ( de l e t ed ) // u s e f u l l f o r rehash ?
ensure s hashTable == old ( hashTable ) // u s e f u l l f o r rehash ?

{
var i := l o c a t e ( x ) ;
i f hashTable [ i ] == Deleted {

// to he lp proving that de l e t ed > 0
a s s e r t i in de lSe t ( hashTable , hashTable . Length ) ;

// now , can decrement
de l e t ed := de l e t ed − 1 ;

}
hashTable [ i ] := Some(x ) ;
used := used + 1 ;
elems := elems + {x } ;

// to he lp proving that elems == va lSe t ( )
a s s e r t f o r a l l k : : 0 <= k < hashTable . Length && k != i

==> hashTable [ k ] == old ( hashTable [ k ] ) ;

// to he lp proving that de l e t ed == | de lSe t ( ) |
a s s e r t de lSe t ( hashTable , hashTable . Length ) ==

old ( de lSe t ( hashTable , hashTable . Length ) ) − { i } ;
}

// I n t e r n a l method that grows and c l e an s up the hash tab l e .
method rehash ( )
ensure s ! f u l l ( )
ensure s elems == old ( elems )

{
var oldTable := hashTable ;

hashTable := new Cel l<T>[hashTable . Length∗2+1] (_ => Ni l ) ;
d e l e t ed := 0 ;
used := 0 ;
elems := {} ;
// need a l s o to update ghost v a r i ab l e ’Repr ’ generated by
// : autocontract s , to be ab le to c a l l InsertAux in a va l i d
// s t a t e
Repr := { th i s , hashTable } ;
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f o r i := 0 to oldTable . Length
i nva r i an t elems == va lSe t ( oldTable , i )
i nva r i an t de l e t ed == 0 // to prove ! f u l l ( )
i nva r i an t oldTable ! in Repr

// to as sure i s not changed by insertAux
inva r i an t Val id ( )

// to ensure con s i s t ency i s maintained
i nva r i an t oldTable . Length < hashTable . Length

// to prove ! f u l l ( )
i nva r i an t f r e s h (Repr − o ld (Repr ) )

// to enable insertAux to modify the new hashTable
i nva r i an t oldTable . Length < hashTable . Length

// to prove ! f u l l ( )
i nva r i an t f o r a l l k : : 0 <= k < oldTable . Length

==> oldTable [ k ] == old ( hashTable [ k ] )
// to prove post−cond i t i on

{
// to he lp proving ! f u l l ( )
countingLemma ( oldTable , i , | va lSe t ( oldTable , i ) | ,

| d e lSe t ( oldTable , i ) | , | n i l S e t ( oldTable , i ) | ) ;

i f ( o ldTable [ i ] . Some?) {
insertAux ( oldTable [ i ] . va lue ) ;

}
}

// to he lp proving ! f u l l ( )
var i := oldTable . Length ;
countingLemma ( oldTable , i , | va lSe t ( oldTable , i ) | ,

| d e lSe t ( oldTable , i ) | , | n i l S e t ( oldTable , i ) | ) ;
}

// I n s e r t s a new value ’x ’ i n to t h i s hash s e t .
method i n s e r t ( x : T)

r e qu i r e s x ! in elems
ensure s elems == old ( elems ) + {x}

{
i f f u l l ( ) {

rehash ( ) ;
}
insertAux (x ) ;

}

// De l e t e s an e x i s t e n t va lue ’x ’ from th i s hash s e t .
method d e l e t e ( x : T)

r e qu i r e s x in elems
ensure s elems == old ( elems ) − {x}

{
var h := hash (x ) % hashTable . Length ;
var i := l o c a t e ( x ) ;
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elems := elems − {x } ;
hashTable [ i ] := Deleted ;
de l e t ed := de l e t ed + 1 ;
used := used − 1 ;

// to he lp proving that elems == va lSe t ( hashTable ,
// hashTable . Length )
a s s e r t f o r a l l k : : 0 <= k < hashTable . Length && k != i

==> hashTable [ k ] == old ( hashTable [ k ] ) ;

// to he lp proving that de l e t ed == | de lSe t ( ) |
a s s e r t de lSe t ( hashTable , hashTable . Length ) ==

old ( de lSe t ( hashTable , hashTable . Length ) ) + { i } ;
}

}

method testHashSet ( ) {
var h := new HashSet<s t r i ng >(x => | x | ) ;
a s s e r t h . elems == {} ;
h . i n s e r t (" He l lo " ) ;
a s s e r t h . elems == {"He l lo "} ;
h . i n s e r t ("World " ) ;
a s s e r t h . elems == {"He l lo " , "World "} ;
var found := h . conta in s (" He l lo " ) ;
a s s e r t found ;
found := h . conta in s ("ANSI " ) ;
a s s e r t ! found ;
h . d e l e t e (" He l lo " ) ;
a s s e r t h . elems == {"World "} ;
found := h . conta in s (" He l lo " ) ;
a s s e r t ! found ;

}

A.7 Tree Set

/∗
∗ Sp e c i f i c a t i o n and v e r i f i c a t i o n o f a so r t ed s e t implemented
∗ with a binary search t r e e (BST) .
∗ I l l u s t r a t e s the usage o f ghost v a r i a b l e s f o r data
∗ ab s t r a c t i on and sepa ra t i on o f s p e c i f i c a t i o n and
∗ implementation .
∗ Uses the { : autocont rac t s } a t t r i b u t e to take care o f c l a s s
∗ i n va r i an t enforcement and frame gene ra t i on ( read /mod i f i e s ) .
∗/

type T = in t // f o r demo purposes

// Sequence without dup l i c a t e s
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type useq<T> = s : seq<T> | ! hasDupl i cate s ( s )

// Checks i f a sequence ’ s ’ has dup l i c a t e s .
p r ed i c a t e hasDupl icates<T>(s : seq<T>) {

e x i s t s i , j : : 0 <= i < j < | s | && s [ i ] == s [ j ]
}

// Node o f a binary search t r e e
c l a s s { : autocont rac t s } BSTNode {

// Concrete implementation v a r i a b l e s
var va lue : T // value in t h i s node
var l e f t : BSTNode? // e lements sma l l e r than ’ value ’
var r i g h t : BSTNode? // e lements g r e a t e r than ’ value ’

// (? − may be nu l l )

// Abstract v a r i a b l e used f o r s p e c i f i c a t i o n & v e r i f i c a t i o n
// purposes
ghost var elems : set<T> // s e t o f va lue s in the subt ree

// s t a r t i n g in t h i s node ( i n c l ud ing t h i s va lue )

// Class i nva r i an t with the i n t e g r i t y c on s t r a i n t s f o r the
// above v a r i a b l e s
p r ed i c a t e Val id ( ) {

( elems == {value }
+ ( i f l e f t == nu l l then {} e l s e l e f t . e lems )
+ ( i f r i g h t== nu l l then {} e l s e r i g h t . elems ) )

&& ( l e f t != nu l l ==> f o r a l l x : : x in l e f t . e lems
==> x < value )

&& ( r i gh t != nu l l ==> f o r a l l x : : x in r i gh t . elems
==> x > value )

&& ( r i gh t != nu l l ==> f o r a l l x : : x in r i gh t . elems
==> x > value )

&& ( l e f t != nu l l ==> l e f t . Val id ( ) )
&& ( r i gh t != nu l l ==> r i gh t . Val id ( ) )
&& ( l e f t != nu l l && r i gh t != nu l l

==> l e f t . Repr ! ! r i g h t . Repr )
// d i s j o i n t s s e t s o f ob j e c t s in l e f t and r i gh t
// subtree , needed to make sure that changing nodes
// in one subt ree doesn ’ t a f f e c t the other !

}

// I n i t i a l i z e s a new node with value ’x ’ and empty l e f t
// and r i gh t sub t r e e s .
c on s t ruc to r ( x : T)

ensure s elems == {x}
{

value := x ;
l e f t := nu l l ;
r i g h t := nu l l ;
e lems := {x } ;
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}

// Checks i f the subt ree s t a r t i n g in t h i s node conta in s a
// value ’x ’ . Runs in time O( log h ) , where ’h ’ i s the
// he ight o f the subt ree .
p r ed i c a t e method conta in s ( x : T)

ensure s conta in s ( x ) <==> x in elems
{

i f x == value then true
e l s e i f x < value && l e f t != nu l l then l e f t . conta in s ( x )
e l s e i f x > value && r i gh t != nu l l then r i gh t . conta in s ( x )

e l s e f a l s e
}

// I n s e r t s a value ’x ’ in the subt ree s t a r t i n g in t h i s
// node . I f the value a l r eady ex i s t s , does nothing .
// Runs in time O( log h ) , where h i s the subt ree he ight .
method i n s e r t ( x : T)

ensure s elems == old ( elems ) + {x}
dec r ea s e s elems

{
i f x == value {

re turn ;
}
e l s e i f x < value {

i f l e f t == nu l l {
l e f t := new BSTNode(x ) ;

}
e l s e {

l e f t . i n s e r t ( x ) ;
}

}
e l s e {

i f r i g h t == nu l l {
r i g h t := new BSTNode(x ) ;

}
e l s e {

r i g h t . i n s e r t ( x ) ;
}

}
elems := elems + {x } ;

}

// Publ ic func t i on to f i nd the maximum value in t h i s
// subt ree . Runs in time O( log h ) , where ’h ’ i s the
// he ight o f the subt ree .
f unc t i on method max( ) : T

ensure s max( ) in elems
&& f o r a l l x : : x in elems ==> x <= max( )

{
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i f r i g h t == nu l l then value e l s e r i g h t .max( )
}

// Publ ic func t i on to f i nd the minimum value in t h i s
// subt ree . Runs in time O( log h ) , where ’h ’ i s the
// he ight o f the subt ree .
f unc t i on method min ( ) : T

ensure s min ( ) in elems
&& f o r a l l x : : x in elems ==> x >= min ( )

{
i f l e f t == nu l l then value e l s e l e f t . min ( )

}

// De l e t e s a value ’x ’ from the subt ree s t a r t i n g in t h i s
// node , and re tu rn s the new head o f the subt ree ( which
// w i l l be nu l l i f ’ x ’ was the only value in the subt ree ) .
// I f the value doesn ’ t ex i s t , does nothing .
// Currently , seems to run in time O( log h ∗ l og h ) , where
// ’h ’ i s the he ight o f the subt ree .
method d e l e t e ( x : T) r e tu rn s ( r e s : BSTNode?)

ensure s i f o ld ( elems ) == {x} then r e s == nu l l
e l s e r e s != nu l l && re s . elems == old ( elems)−{x}

&& re s . Val id ( )
// not added by autocont rac t s . . .

&& re s . Repr <= old (Repr )
// to pre s e rve d i s j o i n t n e s s . . .

d e c r ea s e s elems
{

i f x == value {
i f l e f t == nu l l {

r e s := r i gh t ; // j u s t changes the head
return ;

}
e l s e i f r i g h t == nu l l {

r e s := l e f t ; // j u s t changes the head
return ;

}
e l s e {

i f ∗ /∗ non d e t e rm i n i s t i c cho i c e ∗/ {
value := l e f t .max ( ) ;
l e f t := l e f t . d e l e t e ( va lue ) ;

}
e l s e {

value := r i gh t . min ( ) ;
r i g h t := r i gh t . d e l e t e ( va lue ) ;

}
}

}
e l s e i f x > value && r i gh t != nu l l {

r i g h t := r i gh t . d e l e t e ( x ) ;



36 João Pascoal Faria and Rui Abreu

}
e l s e i f x < value && l e f t != nu l l {

l e f t := l e f t . d e l e t e ( x ) ;
}
r e s := t h i s ;
e lems := elems − {x } ;

}

method asSeq ( ) r e tu rn s ( s : useq<T>)
ensure s i s So r t ed ( s ) && asSet ( s ) == elems
dec r ea s e s elems

{
var l , m, r := [ ] , [ va lue ] , [ ] ;
i f l e f t != nu l l { l := l e f t . asSeq ( ) ; }
i f r i g h t != nu l l { r := r i gh t . asSeq ( ) ; }
asSetProp ( l , m) ; // r e c a l l lemma
asSetProp ( l + m, r ) ; // r e c a l l lemma
return l + m + r ;

}
}

// Aux i l i a ry func t i on that obta in s the s e t o f e lements in a
// sequence .
f unc t i on asSet ( s : seq<T>) : set<T>

ensure s f o r a l l i : : 0 <= i < | s | ==> s [ i ] in asSet ( s )
ensure s f o r a l l x : : x in asSet ( s ) ==> x in s

{
i f | s | == 0 then {} e l s e { s [ 0 ] } + asSet ( s [ 1 . . ] )

}

// Aux i l i a ry p r ed i c a t e that checks i f a sequence i s s t r i c t l y
// so r t ed .
p r ed i c a t e i s So r t ed ( s : useq<T>) {

f o r a l l i , j : : 0 <= i < j < | s | ==> s [ i ] < s [ j ]
}

// Lemma that s t a t e s and proves by induct i on the f o l l ow i n g
// property : the s e t o f e lements o f sequence concatenat ion i s
// the union o f the i nd i v i dua l s e t s o f e lements .
lemma asSetProp ( s1 : seq<T>, s2 : seq<T>)

ensure s asSet ( s1 + s2 ) == asSet ( s1 ) + asSet ( s2 )
{

i f | s1 | > 0 {
a s s e r t s1 == s1 [ . . 1 ] + s1 [ 1 . . ] ;
a s s e r t ( s1 [ . . 1 ] + s1 [ 1 . . ] ) + s2 == s1 [ . . 1 ] + ( s1 [ 1 . . ] + s2 ) ;
asSetProp ( s1 [ 1 . . ] , s2 ) ;

}
e l s e {

a s s e r t [ ] + s2 == s2 ;
}
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}

// Lemma that s t a t e s and proves by induct i on the f o l l ow i n g
// property : i f two sequences without dup l i c a t e s are so r t ed
// and have the same s e t o f elements , then they must be
// i d e n t i c a l .
lemma sor t ingUniquenes s ( a : useq<T>, b : useq<T>)

r e qu i r e s i s So r t ed ( a ) && i sSo r t ed (b) && asSet ( a ) == asSet (b)
ensure s a == b

{
i f | a | > 0 {

sor t ingUniquenes s ( a [ 1 . . ] , b [ 1 . . ] ) ;
}

}

// A simple t e s t case .
method t e s tSo r t edSe t ( ) {

var s := new BSTNode ( 2 ) ;
s . i n s e r t ( 5 ) ;
s . i n s e r t ( 1 ) ;
s . i n s e r t ( 4 ) ;
s . i n s e r t ( 4 ) ;
var t := s . asSeq ( ) ;
so r t ingUniquenes s ( t , [ 1 , 2 , 4 , 5 ] ) ;

// to he lp prove next a s s e r t i o n
a s s e r t t == [ 1 , 2 , 4 , 5 ] ;
a s s e r t s . min ( ) == 1 ;
a s s e r t s .max( ) == 5 ;
var s2 := s . d e l e t e ( 5 ) ;
a s s e r t s2 . elems == {1 , 2 , 4} ;

}

A.8 Stable Marriage

/∗
∗ Formal v e r i f i c a t i o n with Dafny o f the Gale−Shapley a lgor i thm
∗ to s o l v e the s t ab l e marr iage problem , both de s c r ibed in
∗ https : // en . w ik iped ia . org /wik i /Stable_marriage_problem .
∗ Then , t h i s a lgor i thm i s app l i ed to s o l v e the t ea che r s
∗ placement problem that caused s e r i o u s t r oub l e in Portugal
∗ in 2004 .
∗/

// Sequence without dup l i c a t e s
type useq<T> = s : seq<T> | ! hasDupl i cate s ( s )

// I n j e c t i v e map
type inmap<K, V> = m: map<K, V> | i s I n j e c t i v e (m)
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// Checks i f a sequence ’ s ’ has dup l i c a t e s .
p r ed i c a t e hasDupl icates<T>(s : seq<T>) {

e x i s t s i , j : : 0 <= i < j < | s | && s [ i ] == s [ j ]
}

// Checks i f a map ’m’ i s i n j e c t i v e , i . e . , d i s t i n c t keys are
// mapped to d i s t i n c t va lue s .
p r ed i c a t e i s I n j e c t i v e <K,V>(m: map<K,V>) {

f o r a l l i , j : : i in m && j in m && i != j ==> m[ i ] != m[ j ]
}

// Checks i f e lement ’ e1 ’ precedes ’ e2 ’ in sequence ’ s ’ .
p r ed i c a t e method precedes<T(==)>(e1 : T, e2 : T, s : seq<T>) {

e x i s t s i , j : : 0 <= i < j < | s | && s [ i ] == e1 && s [ j ] == e2
}

// Obtains the s e t o f e lements in a sequence
func t i on elems<T>(s : useq<T>): set<T>

ensure s f o r a l l x : : x in elems ( s ) ==> x in s
ensure s f o r a l l x : : x in s ==> x in elems ( s )

{
s e t i | 0 <= i < | s | : : s [ i ]

}

// Checks i f a matching o f coup l e s i s va l id , i . e . , men and
// women can be engaged only i f they are mentioned in each
// othe r s p r e f e r e n c e s
p r ed i c a t e i sVa l id<Man, Woman>(coup l e s : inmap <Man, Woman>,

menPrefs : map<Man, useq<Woman>>,
womenPrefs : map <Woman, useq<Man>>)

{
f o r a l l m : : m in coup l e s ==> var w := coup l e s [m] ;

m in menPrefs && w in womenPrefs
&& w in menPrefs [m] && m in womenPrefs [w]

}

// Checks i f a matching o f coup l e s i s s tab l e , i . e . , the re i s
// no pa i r (m, w) that p r e f e r each other as compared to t h e i r
// cur rent s i t u a t i o n .
p r ed i c a t e i s S t ab l e <Man, Woman>(coup l e s : inmap <Man, Woman>,

menPrefs : map<Man,
useq<Woman>>,
womenPrefs : map <Woman, useq<Man>>)

{
! e x i s t s m, w : : m in menPrefs . Keys

&& w in womenPrefs . Keys
&& unstab le (m, w, couples , menPrefs , womenPrefs )

}
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p r ed i c a t e unstable<Man, Woman>(m: Man, w: Woman,
coup l e s : inmap <Man, Woman>,
menPrefs : map<Man, useq<Woman>>,
womenPrefs : map <Woman, useq<Man>>)

r e qu i r e s m in menPrefs . Keys && w in womenPrefs . Keys
{

w in menPrefs [m] && m in womenPrefs [w] &&
(m in coup l e s ==> precedes (w, coup l e s [m] , menPrefs [m] ) )
&& ( f o r a l l m’ : : m’ in coup l e s && coup le s [m’ ] == w

==> precedes (m, m’ , womenPrefs [w ] ) )
}

// Stab le matching by the Gale−Shapley a lgor i thm with
// incomplete l i s t s and no t i e s .
// Rece ives the l i s t s o f p r e f e r e n c e s o f men and women and
// re tu rn s the coup l e s c r ea ted .
// Time complexity ( with proper data s t r u c t u r e s ) i s
// O( |M| ∗ |W| ) , where W i s the s e t o f women and M the s e t o f
// men .
// The types Man and Woman are de f ined as type parameters
// because t h e i r i n t e r n a l s t r u c tu r e i s not r e l e van t here .
method stableMatching<Man, Woman>(

menPrefs : map<Man, useq<Woman>>,
womenPrefs : map <Woman, useq<Man>>)

re tu rn s ( coup l e s : inmap <Man, Woman>)
// P1 : women r e f e r en c ed in men p r e f e r e n c e s must e x i s t
r e qu i r e s f o r a l l m : : m in menPrefs

==> f o r a l l w : : w in menPrefs [m] ==> w in womenPrefs
// P2 : man r e f e r en c ed in women p r e f e r e n c e s must e x i s t
r e qu i r e s f o r a l l w : : w in womenPrefs

==> f o r a l l m : : m in womenPrefs [w] ==> m in menPrefs
// Q1 : men and women can be engaged only i f they are
// mentioned in each other ’ s p r e f e r e n c e s
ensure s i sVa l i d ( couples , menPrefs , womenPrefs )
// Q2 : s t ab l e marr iage ( and maximality )
ensure s i s S t a b l e ( couples , menPrefs , womenPrefs )

{
// I n i t i a t e the r e s u l t as empty
coup l e s := map [ ] ;

// I n i t i a l i z e the men p r e f e r e n c e s a l r eady exp lored empty
var menPrefsExplored := map m | m in menPrefs : : [ ] ;

// Ghost v a r i ab l e used f o r proving terminat ion with Dafny
// ( in s t ead o f menPrefsExplored , that has a too complex
// s t r u c tu r e )
ghost var unexp loredPai r s := s e t m, w | m in menPrefs

&& w in menPrefs [m] : : (m, w) ;

// whi l e e x i s t s a f r e e man m who s t i l l has a woman w to
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// propose to
whi l e e x i s t s m : : m in menPrefs && m ! in coup l e s

&& menPrefsExplored [m] < menPrefs [m]
de c r ea s e s unexp loredPai r s
// I1 : menPrefsExplored has the same keys (men) as
// menPrefs
i nva r i an t menPrefs . Keys == menPrefsExplored . Keys
// I2 : l i s t s in menPrefsExplored must be s u b l i s t s
// ( p r e f i x e s ) in menPrefs
i nva r i an t f o r a l l m : : m in menPrefsExplored

==> menPrefsExplored [m] <= menPrefs [m]
// I3 : to a s su re Q1 incrementa l ly , with menPrefsExplored
// in s t ead o f menPrefs
i nva r i an t i sVa l i d ( couples , menPrefsExplored , womenPrefs )
// I4 : to a s su re Q2 incrementa l ly , with menPrefsExplored
// in s t ead o f menPrefs
i nva r i an t i s S t a b l e ( couples , menPrefsExplored , womenPrefs )
// I5 : whi l e engaged , men do not propose to f u r t h e r
// women ( needed to pre s e rve i s S t a b l e )
i nva r i an t f o r a l l m : : m in coup l e s

==> coup le s [m] == l a s t ( menPrefsExplored [m] )
// I6 : inv . d e f i n i n g the contents o f unexp loredPai r s
i nva r i an t unexp loredPai r s == se t m, w | m in menPrefs

&& w in menPrefs [m]
&& w ! in menPrefsExplored [m] : : (m, w)

{
// s e l e c t a man in such cond i t i on ( f r e e man m who
// s t i l l has a woman w to propose to )
var m : | m in menPrefs && m ! in coup l e s

&& menPrefsExplored [m] < menPrefs [m] ;

// s e l e c t the next woman on m’ s l i s t ( us ing a ux i l i a r y
// func t i on to circumvent Dafny l im i t a t i o n )
var w := nth (menPrefs [m] , | menPrefsExplored [m] | ) ;

// i f w isn ’ t f r e e ( i . e . , some pa i r (m’ ,w) e x i s t s yet )
i f m’ : | m’ in coup l e s && coup le s [m’ ] == w
{

// i f w p r e f e r s m to m’
i f m in womenPrefs [w]

&& precedes (m, m’ , womenPrefs [w] )
{

// m’ becomes f r e e
coup l e s := map x | x in coup l e s

&& x != m’ : : coup l e s [ x ] ;
// (m, w) become engaged
coup l e s := coup l e s [m := w ] ;

}
}
e l s e // w i s f r e e
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{
// i f w i s i n t e r e s t e d in m
i f m in womenPrefs [w]
{

// (m, w) become engaged
coup l e s := coup l e s [m := w ] ;

}
}

// mark t h i s pa i r as exp lored
menPrefsExplored :=

menPrefsExplored [m := menPrefsExplored [m] + [w ] ] ;
unexp loredPai r s := unexploredPai r s − {(m, w) } ;

}
}

/∗
∗ Some t e s t ca s e s f o r the s t ab l e marriage problem .
∗/

method testStab leMatch ing1 ( ) {
var menPrefs := map [ 1 := [ 1 , 2 ] , 2 := [ 1 , 2 ] ] ;
var womenPrefs := map [ 1 := [ 1 ] , 2 := [ 2 ] ] ;
var expectedCouples := map[ 1 := 1 , 2 := 2 ] ;
var actua lCouples := stableMatching (menPrefs , womenPrefs ) ;
a s s e r t i sVa l i d ( expectedCouples , menPrefs , womenPrefs ) ;

// proo f he lpe r . . .
a s s e r t actua lCouples == expectedCouples ;

}

method testStab leMatch ing2 ( ) {
var menPrefs := map [ 1 := [ 2 , 1 ] , 2 := [ 1 , 2 ] ] ;
var womenPrefs := map [ 1 := [ 1 , 2 ] , 2 := [ 2 , 1 ] ] ;
var expectedCouples1 := map[ 1 := 2 , 2 := 1 ] ;
var expectedCouples2 := map[ 1 := 1 , 2 := 2 ] ;
var actua lCouples := stableMatching (menPrefs , womenPrefs ) ;
a s s e r t i sVa l i d ( expectedCouples1 , menPrefs , womenPrefs ) ;

// proo f he lpe r . . .
a s s e r t actua lCouples == expectedCouples1

| | actua lCouples == expectedCouples2 ;
}

method testStab leMatch ing3 ( ) {
var menPrefs := map [ 1 := [ 1 , 2 ] , 2 := [ 1 ] ] ;
var womenPrefs := map [ 1 := [ 1 , 2 ] , 2 := [ 2 , 1 ] ] ;
var expectedCouples1 := map[ 1 := 2 , 2 := 1 ] ;
var expectedCouples2 := map[ 1 := 1 ] ;
var actua lCouples := stableMatching (menPrefs , womenPrefs ) ;
a s s e r t i sVa l i d ( expectedCouples1 , menPrefs , womenPrefs ) ;

// proo f he lpe r . . .
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a s s e r t actua lCouples == expectedCouples1
| | actua lCouples == expectedCouples2 ;

}

/∗
∗ Appl i ca t ion to s o l v e the t ea che r s placement problem .
∗/

type Teacher = nat
type Vacancy = nat

// Aux i l i a ry func t i on to move an element ’x ’ in a sequence ’ s ’
// ( without dup l i c a t e s ) to the head o f the sequence .
f unc t i on method moveToHead<T(==)>(s : useq<T>, x : T) : useq<T>

r equ i r e s x in s
ensure s f o r a l l y : : y in s ==> y in moveToHead( s , x )

{
var i : | 0 <= i < | s | && s [ i ] == x ; [ s [ i ] ]+ s [ . . i ]+ s [ i +1 . . ]

}

// Gets the l a s t element in a sequence
func t i on l a s t <T>(s : seq<T>): T
r e qu i r e s | s | > 0
{ s [ | s |−1] }

// Gets the n−th element in a sequence
func t i on method nth<T>(s : seq<T>, n : nat ) : T
r e qu i r e s 0 <= n < | s |
{ s [ n ] }

// Aux i l i a ry p r ed i c a t e that checks i f a t eacher ’ t ’ has
// precedence over the cur rent teacher that occup i e s vacancy
// ’v ’ , i f any , knwowing the ranked l i s t o f teachers , t h e i r
// i n i t i a l placement , and the f i n a l placement .
// A teacher that i n i t i a l l y occupied ’v ’ has p r i o r i t y over a l l
// o the r s ; otherwise , p r i o r i t y i s g iven to t ea che r s with
// h igher rank .
p r ed i c a t e method teacherHasPrecedenceForVacancy ( t : Teacher ,

v : Vacancy , f ina lP lacement : inmap<Teacher , Vacancy>,
t ea che r s : useq<Teacher >,
i n i t i a lP l a c emen t : inmap<Teacher , Vacancy>)

{
i f t2 : | t2 in f ina lP lacement && f ina lP lacement [ t2 ] == v
then t != t2

&& (( t , v ) in i n i t i a lP l a c emen t . Items
| | ( ( t2 , v ) ! in i n i t i a lP l a c emen t . Items

&& precedes ( t , t2 , t e a che r s ) ) )
e l s e t rue // the vacancy i s s t i l l f r e e , so any teacher i s

// be t t e r than remaining f r e e
}
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// So lu t i on f o r t ea che r s placement problem , by reduc ing i t to
// the s t ab l e marr iage problem .
// Input parameters :
// vacanc i e s − s e t o f vacanc i e s a v a i l a b l e ( i n c l ud e s
// p o s i t i o n s cu r r en t l y occupied by t eache r s that
// want to change po s i t i o n )
// t eache r s − ordered s e t o f teachers , ordered by t h e i r
// ranking ( r ep re s ented as a sequence without
// dup l i c a t e s )
// p r e f e r e n c e s − map that i n d i c a t e s f o r each teacher the
// ordered l i s t o f vacanc i e s wanted
// i n i t i a lP l a c emen t − map that i n d i c a t e s the i n i t i a l
// placement o f t ea che r s with i n i t i a l placement
// Output parameters :
// f ina lP lacement − f i n a l t e a che r s placement
method teachersPlacement ( vacanc i e s : set<Vacancy>,

t ea che r s : useq<Teacher >,
p r e f e r e n c e s : map<Teacher , useq<Vacancy>>,
i n i t i a lP l a c emen t : inmap <Teacher , Vacancy>)

r e tu rn s ( f ina lP lacement : inmap<Teacher , Vacancy>)
// P1 : the t ea che r s in the ranked sequence and the t ea che r s
// with p r e f e r enc e s , are the same
r e qu i r e s elems ( t ea che r s ) == pr e f e r e n c e s . Keys
// P2 : the vacanc i e s mentioned in t ea che r s p r e f e r e n c e s must
// e x i s t in the s e t o f vacanc i e s
r e qu i r e s f o r a l l t : : t in p r e f e r e n c e s

==> elems ( p r e f e r e n c e s [ t ] ) <= vacanc i e s
// P3 : the t ea che r s and vacanc i e s mentioned in the i n i t i a l
// placement must e x i s t in the s e t s o f t e a che r s and
// vacanc i e s
r e qu i r e s f o r a l l t : : t in i n i t i a lP l a c emen t

==> t in t eache r s && in i t i a lP l a c emen t [ t ] in vacanc i e s
// P4 : the i n i t i a l placement o f a teacher must be mentioned
// in h i s l i s t o f p r e f e r e n c e s as the l a s t p r e f e r en c e
r e qu i r e s f o r a l l t : : t in i n i t i a lP l a c emen t ==>

in i t i a lP l a c emen t [ t ] in p r e f e r e n c e s [ t ]
&& in i t i a lP l a c emen t [ t ] == l a s t ( p r e f e r e n c e s [ t ] )

// Q1 : the t ea che r s mentioned in the f i n a l placement must
// e x i s t in the s e t o f t ea che r s
ensure s f ina lP lacement . Keys <= elems ( t ea che r s )
// Q2 : a teacher may only be placed in a vacancy mentioned
// in h i s / her l i s t o f p r e f e r e n c e s
ensure s f o r a l l t : : t in f ina lP lacement

==> f ina lP lacement [ t ] in p r e f e r e n c e s [ t ]
// Q3 : the ass ignment i s s tab l e , i . e . , the re i s no pa i r o f
// teacher t and vacancy v in h i s l i s t o f p r e f e r enc e s ,
// such that t p r e f e r s v over h i s cur rent s i t u a t i o n ( e i t h e r
// because t i s f r e e , or because t p r e f e r s v over the
// as s i gned po s i t i o n ) , and v p r e f e r s t over i t s cur rent
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// s i t u a t i o n ( e i t h e r because v i s f r e e and so p r e f e r s any
// teacher as compared to remaining f r e e , or t i s the
// teacher i n i t i a l l y p laced and i s not occupying v , or the
// teacher t ’ that cu r r en t l y occup i e s v was not i n i t i a l l y
// placed there and has a lower rank than t )
ensure s ! e x i s t s t , v : : t in t ea che r s

&& v in p r e f e r e n c e s [ t ]
&& ( t in f ina lP lacement ==> precedes (v ,
f ina lP lacement [ t ] , p r e f e r e n c e s [ t ] ) ) / / t p r e f e r s v

&& teacherHasPrecedenceForVacancy ( t , v ,
f ina lPlacement , teachers , i n i t i a lP l a c emen t )

// Q4 : t ea che r s that have an i n i t i a l p o s i t i o n must a l s o have
// a f i n a l p o s i t i o n
ensure s f o r a l l t : : t in i n i t i a lP l a c emen t

==> t in f ina lP lacement
{

// Reduction to the problem o f s t ab l e marriage , with
// t eache r s as men ( with the g iven p r e f e r e n c e s ) ,
// vacanc i e s as women , and the p r e f e r e n c e s o f each vacancy
// given by the ranked l i s t o f t e a che r s with the teacher
// i n i t i a l l y p laced there ( i f any ) moved to the head
f ina lP lacement := stableMatching ( p r e f e r enc e s ,

va canc i e sP r e f s ( vacanc ies , t eachers , i n i t i a lP l a c emen t ) ) ;
}

// p r e f e r e n c e s o f each vacancy given by the ranked l i s t o f
// t ea che r s with the teacher i n i t i a l l y p laced there ( i f any )
// moved to the head
func t i on method vacanc i e sPr e f s ( vacanc i e s : set<Vacancy>,

t ea che r s : useq<Teacher >,
i n i t i a lP l a c emen t : inmap <Teacher , Vacancy >):

map<Teacher , seq<Vacancy>>
r equ i r e s f o r a l l t : : t in i n i t i a lP l a c emen t ==> t in t eache r s

&& in i t i a lP l a c emen t [ t ] in vacanc i e s
{

map v | v in vacanc i e s : :
i f t : | t in i n i t i a lP l a c emen t && in i t i a lP l a c emen t [ t ] == v
then moveToHead( teachers , t )
e l s e t ea che r s

}

/∗
∗ Some t e s t ca s e s f o r the t ea che r s placement problem .
∗/

method test1TP ( ) {
var vacanc i e s := {1 , 2} ;
var t ea che r s := [ 1 , 2 , 3 ] ;
var p r e f e r e n c e s := map [ 1 := [ 2 , 1 ] , 2 := [ 1 , 2 ] , 3 := [ 2 ] ] ;
var i n i t i a lP l a c emen t := map [ 1 := 1 ] ;
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var expectedVacanc i e sPre f s := map[ 1 := [ 1 , 2 , 3 ] ,
2 := [ 1 , 2 , 3 ] ] ;

var expectedFinalPlacement := map[ 1 := 2 , 2 := 1 ] ;
var actua lF ina lPlacement := teachersPlacement ( vacanc ies ,

t eachers , p r e f e r enc e s , i n i t i a lP l a c emen t ) ;
a s s e r t i sVa l i d ( expectedFinalPlacement , p r e f e r enc e s ,

expectedVacanc i e sPre f s ) ; // proo f he lpe r . . .
a s s e r t ! unstab le (1 , 1 , expectedFinalPlacement , p r e f e r enc e s ,

expectedVacanc i e sPre f s ) ; // proo f he lpe r . . .
a s s e r t actua lF ina lPlacement == expectedFinalPlacement ;

}

method test2TP ( ) {
var vacanc i e s := {1 , 2} ;
var t ea che r s := [ 1 , 2 , 3 ] ;
var p r e f e r e n c e s := map [ 1 := [ 2 , 1 ] , 2 := [ 1 , 2 ] ,

3 := [ 2 , 1 ] ] ;
var i n i t i a lP l a c emen t := map [ 3 := 1 ] ;
var expectedVacanc i e sPre f s := map[ 1 := [ 3 , 1 , 2 ] ,

2 := [ 1 , 2 , 3 ] ] ;
var expectedFinalPlacement := map[ 1 := 2 , 3 := 1 ] ;
a s s e r t moveToHead( teachers , 3) == [ 3 , 1 , 2 ] ; // proo f he lpe r
var actua lF ina lPlacement := teachersPlacement ( vacanc ies ,

t eachers , p r e f e r enc e s , i n i t i a lP l a c emen t ) ;
a s s e r t i sVa l i d ( expectedFinalPlacement , p r e f e r enc e s ,

expectedVacanc i e sPre f s ) ; // proo f he lpe r . . .
a s s e r t ! unstab le (1 , 1 , expectedFinalPlacement , p r e f e r enc e s ,

expectedVacanc i e sPre f s ) ; // proo f he lpe r . . .
a s s e r t actua lF ina lPlacement == expectedFinalPlacement ;

}

A.9 Topological Sorting

/∗
∗ Proof o f c o r r e c t n e s s o f the c l a s s i c t o p o l o g i c a l s o r t i n g
∗ a lgor i thm (Kahn ’ s a lgor i thm ) , s imp l i f i e d , in Dafny .

∗/

// Def ine s a d i r e c t ed graph with v e r t i c e s o f any type T as a
// pa i r (V, E) , where V i s the vertex−s e t and E i s the
// edge−s e t .
// Each d i r e c t ed edge i s r ep re s ented by a pa i r o f v e r t i c e s .
datatype Graph<T> = Graph (V: set<T>, E: set <(T,T)>)

// Checks i f G d e f i n e s a va l i d graph ( checks that E i s a
// subset o f V∗V) .
p r ed i c a t e validGraph<T>(G: Graph<T>) {

f o r a l l e : : e in G.E ==> e . 0 in G.V && e . 1 in G.V
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}

// Checks i f a graph i s a c y c l i c .
p r ed i c a t e a cy c l i c <T>(G: Graph<T>) {

! e x i s t s v : : v in G.V && exi s t sS implePath (G, v , v )
}

// Check i f the re i s a non−empty s imple path from vertex u to
// ver tex v in graph G. ( Currently , ’ s imple ’ means without
// repeated edges , but could be without repeated v e r t i c e s ) .
p r ed i c a t e ex i s tsS implePath<T>(G: Graph<T>, u : T, v : T)

de c r ea s e s G.E
{

(u , v ) in G.E
| | e x i s t s e : : e in G.E && e . 0 == u

&& exi s t sS implePath (Graph (G.V, G.E−{e }) , e . 1 , v )
}

// Removes a ver tex v and i t s i n c i d en t edges from a graph G.
func t i on method removeVertex<T>(v : T, G: Graph<T>) : Graph<T>
{

Graph (G.V − {v} , s e t e | e in G.E && e . 0 != v && e . 1 != v )
}

// Checks i f a sequence s o f v e r t i c e s i s a t o p o l o g i c a l
// o rde r ing o f the v e r t i c e s o f a graph G.
p r ed i c a t e i sTopSort ing<T>(s : seq<T>, G: Graph<T>)

r e qu i r e s validGraph (G)
{

mu l t i s e t ( s ) == mul t i s e t (G.V)
&& f o r a l l i , j : : 0 <= i <= j < | s | ==> ( s [ j ] , s [ i ] ) ! in G.E

}

// Checks i f a ver tex v in a graph G has incoming edges .
p r ed i c a t e method hasIncomingEdges<T>(G: Graph<T>, v : T)
r e qu i r e s v in G.V

{
e x i s t s u : : u in G.V && (u , v ) in G.E

}

// Topo log i ca l s o r t i n g o f the v e r t i c e s o f an a c y c l i c d i r e c t ed
// graph . Returns a sequence ( l i n e a r o rde r ing ) o f the v e r t i c e s
// in t o p o l o g i c a l o rde r ing .
method topsort<T>(G: Graph<T>) re tu rn s ( s : seq<T>)

r e qu i r e s validGraph (G) && a c y c l i c (G)
ensure s i sTopSort ing ( s , G)

{
s := [ ] ;
var R := G; // remaining graph
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whi l e R.V != {}
// r e l a t i o n between s and R ( ba s i c a l l y , R = G − s )
i nva r i an t R == Graph ( s e t v | v in G.V && v ! in s ,

s e t e | e in G.E && e . 0 ! in s && e . 1 ! in s )
// s i s a t o p o l o g i c a l s o r t i n g o f G − R
inva r i an t mu l t i s e t ( s ) == mul t i s e t (G.V − R.V)
inva r i an t f o r a l l i , j : : 0 <= i <= j < | s |

==> ( s [ j ] , s [ i ] ) ! in G.E
// there are no edges from v e r t i c e s in R to v e r t i c e s in s
i nva r i an t f o r a l l i : : 0 <= i < | s |

==> f o r a l l v : : v in R.V ==> (v , s [ i ] ) ! in G.E
dec r ea s e s R.V

{
// r e c a l l property : a subgraph o f an a y c l i c graph i s a l s o
// a c y c l i c
lemmaAcyclicSubgraph (R, G) ;

// r e c a l l property : a ver tex without incoming edges must
// e x i s t in a non−empty a c y c l i c graph
lemmaAcycl icIndegrees (R) ;

// p ick a ver tex without incoming edges
var v : | v in R.V && ! hasIncomingEdges (R, v ) ;

// append to the r e s u l t
s := s + [ v ] ;

// remove that ver tex and i t s outgoing edges from the
// graph
R := removeVertex (v , R) ;

}
}

/∗∗ SECOND LEMMA ∗∗∗/

// Sta t e s and proves by con t r ad i c t i on the f o l l ow i ng property :
// a non−empty a c y c l i c graph must have at l e a s t one ver tex
// without incoming edges (0 indeg ree ) .
lemma lemmaAcycl icIndegrees<T>(G: Graph<T>)

r e qu i r e s validGraph (G) && G.V != {} && a c y c l i c (G)
ensure s e x i s t s v : : v in G.V && ! hasIncomingEdges (G, v )

{
// For the sake o f cont rad i c t i on , assume that a l l v e r t i c e s
// have incoming edges .
i f f o r a l l v : : v in G.V ==> hasIncomingEdges (G, v ) {

// Then a path o f any length can be bu i l t , p o s s i b l y with
// repeated edges and v e r t i c e s , namely a path with l ength
// |G.V| + 1
var p := genPath (G, |G.V| + 1 ) ;
// Such a path must have repeated v e r t i c e s , and
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// consequent ly at l e a s t one cy c l e
lemmaPathLen (G, p ) ;
// So the graph i s not a cy c l i c , which c on t r ad i c t s the
// pre−cond i t i on
a s s e r t ! a c y c l i c (G) ;

}
}

// Generates a va l i d path o f a s p e c i f i e d l ength n in a non
// empty graph G in which a l l v e r t i c e s have incoming edges .
// Because o f t h i s property , a path with any length may be
// cons t ructed ( po s s i b l y with repeated edges and v e r t i c e s ) .
lemma genPath<T> (G: Graph<T>, n : nat ) r e tu rn s (p : seq<T>)

r e qu i r e s validGraph (G) && G.V != {}
r e qu i r e s f o r a l l v : : v in G.V ==> hasIncomingEdges (G, v )
ensure s | p | == n && val idPath (p , G)

{
p := [ ] ;
whi l e | p | < n

inva r i an t | p | <= n && val idPath (p , G)
{

var u : | u in G.V && (p == [ ] | | (u , p [ 0 ] ) in G.E) ;
p := [ u ] + p ;

}
}

// Checks i f a sequence p o f v e r t i c e s d e f i n e s a va l i d path
// ( a l l ow ing repeated v e r t i c e s and edges ) in a graph G.
p r ed i c a t e method val idPath<T>(p : seq<T>, G: Graph<T>) {

f o r a l l i : : 0 <= i < | p | ==> p [ i ] in G.V
&& ( i < | p | − 1 ==> (p [ i ] , p [ i +1]) in G.E)

}

// Sta t e s and proves the property : g iven a graph G and a path
// p in G, i f the l ength o f p exceeds the number o f v e r t i c e s
// then G has c y c l e s .
lemma lemmaPathLen<T>(G: Graph<T>, p : seq<T>)

r e qu i r e s validGraph (G) && val idPath (p , G) && | p | > |G.V|
ensure s ! a c y c l i c (G)

{
// f i r s t no t i c e that , i f a l l v e r t i c e s are d i s t i n c t , the
// l ength o f the path cannot exceed the number o f v e r t i c e s
// in G
i f nodups (p) {

lemmaSeqLen (p , G.V) ;
}

// consequent ly , the re must e x i s t repeated v e r t i c e s in p , so
// we pick a c y c l i c ( complex ) subpath
var i , j : | 0 <= i < j < | p | && p [ i ] == p [ j ] ;
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var p ’ := p [ i . . j +1] ;

// r e c a l l a u x i l i a r y lemma that a s su r e s that a s imple cy c l e
// a l s o e x i s t
lemmaComplexPath (G, p ’ ) ;

}

// Sta t e s and proves (by induct ion ) the property : g iven any
// va l i d complex path p ( po s s i b l y with repeated edges and/ or
// v e r t i c e s ) in a graph G, the re e x i s t s a s imple path ( without
// repeated edges ) in G from the f i r s t to the l a s t ver tex in
// the complex path .
lemma lemmaComplexPath<T>(G: Graph<T>, p : seq<T>)

r e qu i r e s G.V != {} && val idPath (p , G) && | p | > 1
ensure s ex i s t sS implePath (G, p [ 0 ] , p [ | p | −1])
d e c r ea s e s p

{
// handles case o f f i r s t ver tex repeated in the middle
i f i : | 1 <= i < | p|−1 && p [ i ] == p [ 0 ] {

lemmaComplexPath (G, p [ i . . ] ) ;
}
// handles r e c u r s i v e case o f proo f by induct i on
e l s e i f | p | > 2 {

lemmaComplexPath (Graph (G.V, G.E − {(p [ 0 ] , p [ 1 ] ) } ) , p [ 1 . . ] ) ;
}

}

func t i on elems<T>(s : seq<T>): set<T> {
s e t x | x in s

}

p r ed i c a t e nodups<T>(s : seq<T>) {
f o r a l l i , j : : 0 <= i < j < | s | ==> s [ i ] != s [ j ]

}

// Sta t e s and proves (by induct ion ) the f o l l ow i n g property :
// the l ength o f a sequence p o f d i s t i n c t e lements from a s e t
// s cannot exceed the c a r d i n a l i t y o f the s e t .
lemma lemmaSeqLen<T>(p : seq<T>, s : set<T>)

r e qu i r e s nodups (p) && elems (p) <= s
ensure s | p | <= | s |

{
i f p != [ ] {

lemmaSeqLen (p [ 1 . . ] , s − {p [ 0 ] } ) ;
}

}

/∗∗ FIRST LEMMA ∗∗∗/

// Sta t e s and proves (by con t r ad i c t i on ) the f o l l ow i n g
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// property : a subgraph G of an a c y c l i c graph G’ i s a l s o
// a c y c l i c .
lemma lemmaAcyclicSubgraph<T>(G: Graph<T>, G’ : Graph<T>)

r e qu i r e s validGraph (G) && validGraph (G’ )
&& a c y c l i c (G’ ) && isSubGraph (G, G’ )

ensure s a c y c l i c (G)
{

i f ! a c y c l i c (G) {
var u : | u in G.V && exi s t sS implePath (G, u , u ) ;

// ex i s t s , by the d e f i n i t i o n o f a c y c l i c
lemmaExistsSimplePath (G, G’ , u , u ) ;

// r e c a l l lemma implying that such a path a l s o e x i s t s
// in G

a s s e r t ! a c y c l i c (G’ ) ;
// so G would not be a cy c l i c , c on t r ad i c t i n g the precond .

}
}

// Checks i f a graph G i s a subgraph o f another graph G’ .
p r ed i c a t e isSubGraph<T>(G: Graph<T>, G’ : Graph<T>) {
G.E <= G’ . E && G.V <= G’ .V

}

// Sta t e s and proves (by induct ion ) the f o l l ow i n g property : i f
// there i s a ( s imple ) path u−−>v in a graph G and G i s a
// subgraph o f G’ , then a path u−−>v a l s o e x i s t s in G’ .
lemma lemmaExistsSimplePath<T>(G: Graph<T>, G’ : Graph<T>,

u : T, v : T)
r e qu i r e s validGraph (G) && validGraph (G’ )

&& isSubGraph (G, G’ ) && exi s t sS implePath (G, u , v )
ensure s ex i s t sS implePath (G’ , u , v )
de c r ea s e s G.E

{
i f (u , v ) ! in G.E { // r e c u r s i v e case

var e : | e in G.E && e . 0 == u
&& exi s t sS implePath (Graph (G.V, G.E−{e }) , e . 1 , v ) ;
// must e x i s t by d e f i n i t i o n o f ex i s t sPath

lemmaExistsSimplePath (Graph (G.V, G.E−{e }) ,
Graph (G’ .V, G’ . E−{e }) , e . 1 , v ) ;

// t h i s lemma imp l i e s that ’ e ’ a l s o e x i s t in G’
}

}

/∗∗ Test ca s e s ∗∗∗/
method t e s tTopSo r t i ngS ing l eSo lu t i on ( ) {

var G: Graph<nat> := Graph ({1 , 2 , 3} , {(1 , 2 ) , (2 , 3 ) } ) ;
a s s e r t validGraph (G) && a c y c l i c (G) ;
var s : seq<nat> := [ 1 , 2 , 3 ] ;
a s s e r t i sTopSort ing ( s , G) ;
var t := topso r t (G) ;
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a s s e r t t == s ;
}

method te s tTopSor t ingMul t ip l eSo lu t i on s ( ) {
var G: Graph<nat> := Graph ({1 , 2 , 3} , {(1 , 2 ) , (1 , 3 ) } ) ;
a s s e r t validGraph (G) && a c y c l i c (G) ;
var s1 : seq<nat> := [ 1 , 2 , 3 ] ;
var s2 : seq<nat> := [ 1 , 3 , 2 ] ;
a s s e r t i sTopSort ing ( s1 , G) ;
a s s e r t i sTopSort ing ( s2 , G) ;
var t := topso r t (G) ;
a s s e r t t == s1 | | t == s2 ;

}

A.10 Eulerian Circuit

/∗
∗ Proof o f c o r r e c t n e s s o f the H i e rho l z e r a lgor i thm (1873) to
∗ f i nd an Euler ian c i r c u i t in an Euler ian graph (method
∗ f i n dEu l e rC i r cu i t ) .
∗ Reference : https : // en . w ik iped ia . org /wik i /Eulerian_path .
∗/

/∗∗∗∗ Graph r ep r e s en t a t i on and v a l i d i t y ∗∗∗∗/

// Ve r t i c e s can be o f any type that supports e qua l i t y .
type Vertex = nat // or other type

// Graph repre s ented as a mapping from v e r t i c e s to s e t s o f
// adjacent v e r t i c e s .
type Graph = m: map<Vertex , set<Vertex>> |

def inesVal idGraph (m)

// The mapping must be ant i−r e f l e x i v e and symmetric .
p r ed i c a t e def inesVal idGraph (m: map<Vertex , set<Vertex>>) {

f o r a l l v , w : : v in m && w in m[ v ]
==> w != v && w in m && v in m[w]

}

/∗∗∗∗ Graph mod i f i c a t i on ope ra t i on s ∗∗∗∗/

// Removes a ver tex v from a graph G ( i f e x i s t e n t ) .
f unc t i on rmvVertex (v : Vertex , G: Graph ) : Graph {

map u | u in G && u != v : : G[ u ] − {v}
}

// Removes an edge (u , v ) from a graph G ( i f e x i s t e n t ) .
f unc t i on method rmvEdge (u : Vertex , v : Vertex , G: Graph ) : Graph
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ensure s var G’ : Graph := rmvEdge (u , v , G) ;
u in G && v in G && v in G[ u ] ==>

hasEvenCard (G’ [ v ] ) != hasEvenCard (G[ v ] )
&& hasEvenCard (G’ [ u ] ) != hasEvenCard (G[ u ] )

{
map x | x in G : : i f x == u then G[ x ] − {v}

e l s e i f x == v then G[ x ] − {u} e l s e G[ x ]
}

// Adds and edge (u , v ) to a graph G.
func t i on addEdge (u : Vertex , v : Vertex , G: Graph ) : Graph

r e qu i r e s u in G && v in G && u != v
{

map x | x in G : : i f x == u then G[ x ] + {v}
e l s e i f x == v then G[ x ] + {u} e l s e G[ x ]

}

/∗∗∗∗ Subgraphs ∗∗∗∗/

// Check i f G1 i s a subgraph o f G2 in terms o f edges , but with
// the same vertex−s e t .
p r ed i c a t e isSubgraphE (G1 : Graph , G2 : Graph ) {

G1 . Keys == G2. Keys && f o r a l l x : : x in G1 ==> G1[ x ] <= G2[ x ]
}

/∗∗∗∗ Connect iv i ty ∗∗∗∗/

// Checks i f a g iven graph i s connected , i . e . , the re i s a path
// between every two v e r t i c e s .
p r ed i c a t e isConnected (G: Graph ) {

f o r a l l u , v : : u in G && v in G
==> connec tedVer t i c e s (u , v , G)

}

// Checks i f v e r t i c e s u and v are connected in a graph G,
// i . e . , the re i s a path connect ing them ( without repeated
// v e r t i c e s ) .
p r ed i c a t e connec tedVer t i c e s (u : Vertex , v : Vertex , G: Graph )

r e qu i r e s u in G && v in G
dec r ea s e s G

{
u == v
| | e x i s t s w : : w in G[ u ]

&& connec tedVer t i c e s (w, v , rmvVertex (u , G) )
}

// Proves by induct i on that i f a ver tex u be longs to a c l o s ed
// vertex−s e t C ( under adjacency ) in a graph G and v does not ,
// then they must be d i s connected .
lemma unconnectedVerticesLemma (u : Vertex , v : Vertex , G: Graph ,



Case studies of development of verified programs with Dafny 53

C: set<Vertex>)
r e qu i r e s u in G && v in G && u in C && v ! in C
r e qu i r e s f o r a l l x : : x in C && x in G ==> G[ x ] <= C

// C i s a c l o s ed vertex−s e t
de c r ea s e s G
ensure s ! connec tedVer t i c e s (u , v , G)

{
// mimics the s t r u c tu r e o f connec tedVer t i c e s
f o r a l l w | w in G[ u ] {

unconnectedVerticesLemma (w, v , rmvVertex (u , G) , C) ;
}

}

/∗∗∗∗ Vertex degree s ∗∗∗∗/

// Checks i f a l l v e r t i c e s in a graph G have even degree ( even
// number o f i n c i d en t edges ) .
p r ed i c a t e hasEvenDegrees (G: Graph ) {

f o r a l l v : : v in G ==> hasEvenCard (G[ v ] )
}

// Checks i f a s e t s has an even number o f e lements ( even
// ca rd i na l ) .
p r ed i c a t e hasEvenCard<T>(s : set<T>) {

| s | % 2 == 0
}

// I f we remove from a graph G with even ver tex degree s the
// edges o f a subgraph T with even ver tex degrees , we obta in a
// subgraph R with even ver tex degree s .
lemma evenDegreesLemma (G: Graph , R: Graph , T: Graph )

r e qu i r e s G. Keys == T. Keys == R. Keys
r e qu i r e s f o r a l l x : : x in G

==> T[ x ] <= G[ x ] && R[ x ] == G[ x ] − T[ x ]
r e qu i r e s hasEvenDegrees (G) && hasEvenDegrees (T)
ensure s hasEvenDegrees (R)

{ // Thanks Dafny
}

/∗∗∗ Walks , t r a i l s , c i r c u i t s and augmentation p r op e r t i e s ∗∗∗∗/

// Checks i f a sequence s o f v e r t i c e s d e f i n e s a va l i d walk in
// a graph G.
p r ed i c a t e isValidWalk ( s : seq<Vertex >, G: Graph ) {

( f o r a l l x : : x in s ==> x in G)
&& ( f o r a l l i : : 0 <= i < | s | − 1 ==> s [ i +1] in G[ s [ i ] ] )

}

// Us e f u l l augmentation property o f va l i d walks .
lemma walkAugmentationLemma ( s : seq<Vertex >, G: Graph ,
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u : Vertex )
r e qu i r e s isVal idWalk ( s , G) && u in G

&& ( | s | == 0 | | u in G[ s [ | s | −1 ] ] )
ensure s isVal idWalk ( s + [ u ] , G)

{ /∗ Thanks Dafny ∗/ }

// Checks i f a sequence s o f v e r t i c e s t r a v e r s e s an edge
// (u , v ) .
p r ed i c a t e t raver se sEdge ( s : seq<Vertex >, u : Vertex , v : Vertex )

r e qu i r e s u != v
{

e x i s t s i : : 1 <= i < | s | && { s [ i −1] , s [ i ] } == {u , v}
}

// Use fu l augmentation property o f t r ave r s ed edges .
lemma traversesEdgeProp ( s : seq<Vertex >, v : Vertex )

r e qu i r e s | s | > 0 && v != s [ | s |−1]
ensure s t raver se sEdge ( s + [ v ] , s [ | s | −1] , v ) ;

{
// i t seems the only th ing Dafny needs i s to show the
// "de−concatenat ion "
a s s e r t var s ’ := s + [ v ] ; s ’ [ . . | s | ] == s && s ’ [ | s | ] == v ;

}

// Checks i f a sequence s o f v e r t i c e s d e f i n e s a va l i d t r a i l
// in a graph G, i . e . , a va l i d walk without repeated edges .
p r ed i c a t e i sVa l i dT r a i l ( s : seq<Vertex >, G: Graph ) {

isVal idWalk ( s , G)
&& f o r a l l i : : 1 <= i < | s |

==> ! traver se sEdge ( s [ . . i ] , s [ i −1] , s [ i ] )
}

// Us e f u l l aumentation property o f va l i d t r a i l s .
lemma trailAugmentationLemma ( s : seq<Vertex >, G: Graph ,

u : Vertex )
r e qu i r e s i sVa l i dT r a i l ( s , G) && u in G
r e qu i r e s | s | > 0 ==> u in G[ s [ | s | −1 ] ] // to make va l i d walk
r e qu i r e s | s | > 0 ==> ! traver se sEdge ( s , s [ | s | −1] , u )

// to make va l i d t r a i l
ensure s i sVa l i dT r a i l ( s + [ u ] , G)

{ /∗ Thanks Dafny ∗/ }

// Checks i f a sequence s o f v e r t i c e s d e f i n e s a va l i d c i r c u i t
// in a graph G, i . e . , a non−empty t r a i l in which the f i r s t
// and l a s t v e r t i c e s are i d e n t i c a l .
p r ed i c a t e i sVa l i dC i r c u i t ( s : seq<Vertex >, G: Graph ) {

i sVa l i dT r a i l ( s , G) && | s | > 0 && s [ | s |−1] == s [ 0 ]
}
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// Shows that c i r c u i t augmentation (by embedding ) imp l i e s the
// union o f t r ave r s ed edges .
lemma circuitAugmentationLemma1 ( s1 : seq<Vertex >, i : int ,

s2 : seq<Vertex >, s3 : seq<Vertex >, G: Graph )
r e qu i r e s i sVa l i dC i r c u i t ( s1 , G) && i sVa l i dC i r c u i t ( s2 , G)
r e qu i r e s 0 <= i < | s1 | && s2 [ 0 ] == s1 [ i ]

&& s3 == s1 [ . . i ] + s2 + s1 [ i +1 . . ]
ensure s f o r a l l x , y : : x in G && y in G[ x ] ==>

( traver se sEdge ( s3 , x , y ) <==> traver se sEdge ( s1 , x , y )
| | t raver se sEdge ( s2 , x , y ) )

{
// i t seems the only th ing Dafny needs i s to show the
// "de−concatenat ion " ( s l i c i n g )
a s s e r t s1 [ . . i ] == s3 [ . . i ] ;
a s s e r t s2 == s3 [ i . . i + | s2 | ] ;
a s s e r t s1 [ i + 1 . . ] == s3 [ i + | s2 | . . ] ;

}

// Proves by deduct ion that c i r c u i t augmentation , by embedding
// another c i r c u i t with d i s j o i n t edges , r e s u l t s in a va l i d
// c i r c u i t , without repeated edges .
lemma circuitAugmentationLemma2 ( s1 : seq<Vertex >, i : int ,

s2 : seq<Vertex >, s3 : seq<Vertex >, G: Graph )
r e qu i r e s i sVa l i dC i r c u i t ( s1 , G) && i sVa l i dC i r c u i t ( s2 , G)
r e qu i r e s 0 <= i < | s1 | && s2 [ 0 ] == s1 [ i ]

&& s3 == s1 [ . . i ] + s2 + s1 [ i +1 . . ]
r e q u i r e s f o r a l l k : : 1 <= k < | s1 |

==> ! traver se sEdge ( s2 , s1 [ k−1] , s1 [ k ] )
r e qu i r e s f o r a l l k : : 1 <= k < | s2 |

==> ! traver se sEdge ( s1 , s2 [ k−1] , s2 [ k ] )
ensure s i sVa l i dC i r c u i t ( s3 , G)

{
// mimics the procedure f o r check ing ex i s t e n c e o f dup l i c a t e
// edges
f o r a l l j , k | 1 <= j < k < | s3 |

ensure s { s3 [ k−1] , s3 [ k ] } != { s3 [ j −1] , s3 [ j ] }
{

// map to i n d i c e s in o r i g i n a l sequences
var ( j ’ , s j ) := i f j <= i then ( j , s1 )

e l s e i f j < i +| s2 | then ( j−i , s2 )
e l s e ( j −(| s2 |−1) , s1 ) ;

var (k ’ , sk ) := i f k <= i then (k , s1 )
e l s e i f k < i +| s2 | then (k−i , s2 )
e l s e (k−(| s2 |−1) , s1 ) ;

// r e c a l l that edges are d i s t i n c t in o r i g i n a l sequences
// ( from pre−cond i t i on s )
a s s e r t { sk [ k ’ −1] , sk [ k ’ ] } != { s j [ j ’ −1] , s j [ j ’ ] } ;

}
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}

/∗∗∗ Euler t r a i l s and c i r c u i t s ∗∗∗∗/

// Checks i f a sequence s o f v e r t i c e s d e f i n e s an Euler c i r c u i t
// in a graph G, i . e . , a c i r c u i t that t r a v e r s e s each edge o f G
// exac t l y once .
p r ed i c a t e i sEu l e rC i r c u i t ( s : seq<Vertex >, G: Graph ) {
i sVa l i dC i r c u i t ( s ,G) // ensure s no dup l i c a t e edge c r o s s i n g
&& f o r a l l u , v : : u in G && v in G[ u ]

==> traver se sEdge ( s , u , v )
}

// Proves by con t r ad i c t i on that a non−augmentable c i r c u i t r
// in a connected graph G must cover a l l edges , i . e . , must be
// an Euler c i r c u i t .
lemma nonAugmentableCircuitLemma (G: Graph , r : seq<Vertex>)

r e qu i r e s isConnected (G) && i sVa l i dC i r c u i t ( r , G)
r e qu i r e s f o r a l l x , y : : x in r && y in G[ x ]

==> traver se sEdge ( r , x , y )
ensure s i sEu l e rC i r c u i t ( r , G)

{
a s s e r t f o r a l l x , y : : x in r && y in G[ x ] ==> y in r ;

// impl i ed by 2nd precond i t i on
i f v : | v in G && v ! in r {

unconnectedVerticesLemma ( r [ 0 ] , v , G, s e t x | x in r ) ;
// t h i s c on t r ad i c t s the hypothes i s that G i s connected ,
// so v cannot e x i s t ; hence a l l v e r t i c e s o f G are covered
// by r , and hence t h e i r i n c i d en t edges ( by 2nd pre ) .

}
}

// Checks i f a sequence s o f v e r t i c e s d e f i n e s an Euler t r a i l
// in a graph G, i . e . , a t r a i l that t r a v e r s e s each edge o f G
// exac t l y once .
p r ed i c a t e i sEu l e rT r a i l ( s : seq<Vertex >, G: Graph ) {

| s | > 0 && i sVa l i dT r a i l ( s , G)
&& f o r a l l x , y : : x in G && y in G[ x ]

==> traver se sEdge ( s , x , y )
}

// Property o f ver tex degree s in an Euler t r a i l : the number o f
// i n c i d en t edges on each ver tex i s even except f o r the f i r s t
// and l a s t ver tex i f d i f f e r e n t .
p r ed i c a t e Eu le rTra i lDegree s (G: Graph , r : seq<Vertex>)

r e qu i r e s i sEu l e rT r a i l ( r , G)
{

var f i r s t , l a s t := r [ 0 ] , r [ | r | −1 ] ;
f o r a l l x : : x in G ==>

(( x==f i r s t ) != (x==l a s t ) /∗ xor ∗/ <==> ! hasEvenCard (G[ x ] ) )
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}

// Proves by induct i on the above property about the ver tex
// degree s in an Euler t r a i l .
lemma EulerTrailLemma (G: Graph , r : seq<Vertex>)

r e qu i r e s i sEu l e rT r a i l ( r , G)
ensure s Eu le rTra i lDegree s (G, r )

{
i f | r | > 1 {

EulerTrailLemma ( rmvEdge ( r [ 0 ] , r [ 1 ] , G) , r [ 1 . . ] ) ;
}

}

/∗∗∗∗ Main a lgor i thms ∗∗∗∗/

// H i e rho l z e r a lgor i thm to f i nd an Euler c i r c u i t in a
// non−empty Eule r ian graph G based on depth− f i r s t search .
method f i ndEu l e rC i r cu i t (G: Graph ) r e tu rn s ( r : seq<Vertex>)

r e qu i r e s isConnected (G) && hasEvenDegrees (G) && |G| > 0
ensure s i sEu l e rC i r c u i t ( r , G)

{
// bu i ld i n i t i a l c i r c u i t , s t a r t i n g in an a rb i t r a r y vertex ,
// and obta in remaining graph
var v : | v in G;
var R : Graph ;
r , R := d f s (v , G) ;

// Ghost v a r i ab l e to he lp proving terminat ion ( v e r t i c e s to
// exp lo r e )
ghost var V := s e t x | x in R && R[ x ] != {} ;

// augment r as p o s s i b l e
whi l e e x i s t s i : : 0 <= i < | r | && R[ r [ i ] ] != {}

// r i s a va l i d c i r c u i t in G s t a r t i n g in v
i nva r i an t i sVa l i dC i r c u i t ( r , G) && | r | > 0 && r [ 0 ] == v

// R i s a subgraph o f G with even ver tex degree s
i nva r i an t hasEvenDegrees (R) && isSubgraphE (R, G)

// R conta in s the edges not t r ave r s ed by r in G
inva r i an t f o r a l l x , y : : x in G && y in G[ x ]

==> (y ! in R[ x ] <==> traver se sEdge ( r , x , y ) )

// V ( var i ant ) i s the s e t o f v e r t i c e s that have adjacent
// v e r t i c e s not yet exp lored
i nva r i an t V == se t x | x in R && R[ x ] != {}
dec r ea s e s V

{
// s e l e c t a ver tex in r with outgoing edges to exp lo r e
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var i : | 0 <= i < | r | && R[ r [ i ] ] != {} ;
var u := r [ i ] ;

// memmorize o ld va lue s needed l a t e r
ghost var o ldr , oldV := r , V;

// do a DFS from th i s ver tex in the remaining graph ,
// obta in ing a new sub c i r c u i t and remaining graph
var c : seq<Vertex >;
c , R := d f s (u , R) ;

// i n s e r t the s ub c i r c u i t in the main c i r c u i t
r := r [ . . i ] + c + r [ i + 1 . . ] ;

// r e c a l l c i r c u i t augmentation p r op e r t i e s to make sure
// i nva r i an t s are maintained
circuitAugmentationLemma1 ( oldr , i , c , r , G) ;

// union o f t r ave r s ed edges
circuitAugmentationLemma2 ( oldr , i , c , r , G) ;

// no dup l i c a t e edges

// prove that the var i an t de c r ea s e s
V := s e t x | x in R && R[ x ] != {} ;
a s s e r t u in oldV && u ! in V;
a s s e r t V < oldV ;

}

// show that a l l edges o f G have been traversed , because G
// i s connected
nonAugmentableCircuitLemma (G, r ) ;

}

// By per forming a depth− f i r s t search , produces a complete
// va l i d t r a i l in a graph G s t a r t i n g in a ver tex v .
// Assuming a l l v e r t i c e s in the graph have even degree , the
// produced t r a i l i s c i r c u l a r .
// Returns the c i r c u l a r t r a i l ( r ) and the
// remaining graph R ( with unexplored edges ) .
method d f s ( v : Vertex , G: Graph ) r e tu rn s ( r : seq<Vertex >,

R: Graph )
r e qu i r e s hasEvenDegrees (G) && v in G
ensure s i sVa l i dC i r c u i t ( r , G) && | r | > 0 && r [ 0 ] == v
ensure s isSubgraphE (R, G) && hasEvenDegrees (R)
ensure s f o r a l l x , y : : x in G && y in G[ x ]

==> (y ! in R[ x ] <==> traver se sEdge ( r , x , y ) )
ensure s R[ v ] == {} // a l l s u c c e s s o r s o f v have been exp lored

{
R := G; // subgraph with edges remaining to be v i s i t e d
ghost var T: Graph := map x | x in G : : {} ;

// subgraph with edges a l r eady t rave r s ed
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// Ghost v a r i ab l e to he lp proving terminat ion ( edges
// remaining )
ghost var E := s e t x , y | x in G && y in G[ x ] : : (x , y ) ;

// i n i t i a t e the r e s u l t with the i n i t i a l ver tex ( a l s o l a s t
// ver tex at t h i s po int )
r := [ v ] ;
var u := v ;

// augment r as p o s s i b l e
whi l e R[ u ] != {}

// R i s a subgraph o f G ( with the same vertex−s e t )
i nva r i an t isSubgraphE (R, G)

// T i s a subgraph o f G with edges G − R
inva r i an t T. Keys == G. Keys

&& f o r a l l x : : x in G ==> T[ x ] == G[ x ] − R[ x ]

// E i s the s e t o f edges in R
inva r i an t f o r a l l x , y : : x in R && y in R[ x ]

<==> (x , y ) in E

// r i s a sequence o f v e r t i c e s s t a r t i n g in v and
// ending in u
inva r i an t | r | > 0 && r [ 0 ] == v && r [ | r |−1] == u

// r t r av e r s exac t l y the edges in T ( without r ep e t i on s )
i nva r i an t i sVa l i dT r a i l ( r , T)
i nva r i an t f o r a l l x , y : : x in G && y in G[ x ]

==> (y in T[ x ] <==> traver se sEdge ( r , x , y ) )

// var i an t to ensure te rminat ion
dec r ea s e s E

{
// s e l e c t an adjacent ver tex f o l l ow i ng an edge not
// p r ev i ou s l y v i s i t e d
var w : | w in R[ u ] ;

// r e c a l l some t r a i l augmentation p r op e r t i e s
trailAugmentationLemma ( r , G, w) ; // va l i d t r a i l
traversesEdgeProp ( r , w) ; // t rave r s ed edges

// augment the t r a i l and update v i s i t e d and
// non−v i s i t e d edges and l a s t ver tex
r := r + [w ] ;
R := rmvEdge (u , w, R) ;
T := addEdge (u , w, T) ;
E := E − {(u , w) , (w, u ) } ;
u := w;
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}

// shows that the obta ined t r a i l ( Euler t r a i l in T) ends
// in the s t a r t ver tex
a s s e r t T[ u ] == G[ u ] ; // because R[ u ] == {}
a s s e r t hasEvenCard (T[ u ] ) ; // because hasEvenCard (G[ u ] )
EulerTrailLemma (T, r ) ;
a s s e r t u == v ;

// shows that in the remaining graph (R) a l l v e r t i c e s have
// even degree s
a s s e r t hasEvenDegrees (T) ;
evenDegreesLemma (G, R, T) ;
a s s e r t hasEvenDegrees (R) ;

}

method t e s tEu l e rC i r c u i t ( ) {
var G : Graph := map[ 1 := {2 , 3} , 2 := {1 , 3} ,

3 := {1 , 2 , 4 , 5} , 4 := {3 , 5} , 5 := {3 , 4 } ] ;
var c : seq<Vertex> := [ 1 , 2 , 3 , 4 , 5 , 3 , 1 ] ;
a s s e r t c == [ c [ 0 ] , c [ 1 ] , c [ 2 ] , c [ 3 ] , c [ 4 ] , c [ 5 ] , c [ 6 ] ] ;

// he lpe r . . .
a s s e r t i sEu l e rC i r c u i t ( c , G) ;

}

method t e s tEu l e rT r a i l ( ) {
var G : Graph := map[ 1 := {2 , 3} , 2 := {1 , 3} ,

3 := {1 , 2 , 4} , 4 := {3 , 5} , 5 := { 4 } ] ;
var c : seq<Vertex> := [ 3 , 2 , 1 , 3 , 4 , 5 ] ;
a s s e r t c == [ c [ 0 ] , c [ 1 ] , c [ 2 ] , c [ 3 ] , c [ 4 ] , c [ 5 ] ] ;

// he lpe r . . .
a s s e r t i sEu l e rT r a i l ( c , G) ;

}
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