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Context and Motivation: Tensor
Processing



Tensor Processing

Tensor processing is an advanced form of Basic Linear Algebra (BLAS).

» Foundation of numeric programming ChatGPT

» Used in computational fluid dynamics and large-scale simulations
(tsunamis, epidemics)

» Foundation of Machine Learning, in particular, Large Language
(Transformer) Models (LLMs)

» Important for Probabilistic Programming

Gemini
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Problem: Untyped Linear
Algebra



Prioritizing Performance over Safety

» Large-scale tensor processing relies on HPC and massively
parallel architectures, prioritizing performance over safety.

» Manual coding predominates to ensure optimal
performance.

» Automated tools aren’t trusted to deliver both
performance and correctness simultaneously.
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Untyped Linear Algebra

» Frameworks (e.g., PyTorch,
TensorFlow) lack static dimensional
type checking.

» Shape mismatch errors happen at

runtime — Wasted time and money.

L

TensorFlow
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Current Approaches
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Rank-polymorphism
Tensor comprehensions &
transformations

Biproducts
APL array programming patterns
Exterior algebra

Shape calculi / size types
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Proposed Solution: Category
Theory



The Category of Matrices (Mat)

In the category Matg:
» Objects: Natural numbers (n, m € N) representing dimensions.

» Morphisms: A morphism A from n to mis an m x n matrix.

The Matrix (Concrete)
The Arrow (Categorical)

A

me——_"____n a1 ... din

(Rows) (Columns)
dmi --- d@mn

10/20



Biproducts: Formalizing Vectorization & Parallelism

We rely on the categorical notion of a
Biproduct to provide a strict foundation for
blocked linear algebra.

This structure allows us to formally specify:

» Vectorization: Packing data horizontally
for optimized operations.

» Parallelism: Splitting computations in
blocks to distribute workloads.
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Methodology: Reverse Engineering BLAS

Reverse Engineering

via Categorical &
Biproduct Laws

Statically verified type
checking

Category Matg

High-level typed specs
A & B, m, ij

BLAS

Low-level optimized code

dgemm, daxpy...
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Case Study: AXPY



The AXPY Algorithm

The name AXPY stands for the fundamental Linear Algebra operation: y = a-x + y.

Pseudo-code
y'[i x inc_y] = y[i x inc_y] + da - x[i x inc_x]

Visual Example (Vectors):

[ﬂ +3- (considering strided access to x)
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Type Diagram (Pointwise)

. Y,y
n x inc.y 1

(xinc_y) da - x

(xinc_x)
n n X inc_x

» Vertical /Horizontal arrows: Represent index scaling by strides.

» Top/Right arrows: Represent the data access and operations (y and x).
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Literature Review



Literature Review: Foundational Papers

Our review bridges formal theory and industry practice, drawing from foundational
papers on biproduct-oriented linear algebra and state-of-the-art HPC technical
literature:

Typing linear algebra: A
biproduct-oriented
approach
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Literature Review: Foundational Papers

Our review bridges formal theory and industry practice, drawing from foundational
papers on biproduct-oriented linear algebra and state-of-the-art HPC technical

literature:
Typing linear algebra: A The data cube as a Advanced Matrix Optimizing AXPY with
biproduct-oriented typed linear algebra Muiltiplication Twists and Turns
approach operator Optimization

©) saykova
The Data Cube as a Typed Linear Algebra

Optimizing AXPY with Twists and Turns
Advanced Matrix Multiplication
Optimization on Modern Multi-Core
Processors
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Future Work & Schedule



Future Work & Schedule

Weeks
\
6 8 9 10 11
Literature Review :[
Initial Modelling & Verification (AXPY, GEMM) i
Comparing with Alternative Methods i
More Modelling & Verification _
‘ 28 IlVIay
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