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Power transpose

Given arbitrary relation A
R // B , define the function

ΛR : A→ P B
ΛR a = {b | b R a}

which is such that:

ΛR = f ⇔ 〈∀ b, a :: b R a⇔ b ∈ f a〉 (1)

That is:

f = ΛR ⇔ ∈ · f = R (2)

cf.

A→ P B

(∈·)
**∼= A→ B

Λ

kk



Alloy and the power transpose

Alloy uses this transpose all the time.

Everytime you write a.R in Alloy, what Alloy does is to apply the
power transpose to a:

a.R = ΛR a = {b | b R a}

It actually does more, when allowing a set s in s.R: as the
powerset forms a monad,

s · R = s >>= ΛR = do {a← s; ΛR a}

NB: In the powerset monad u a = {a} and µ =
⋃

. Thus:

s · R =
⋃
{ΛR a | a ∈ s }



Subsequence relation

Relational catamorphism:

v : A∗ ← A∗

v = (|[nil , cons ∪ π2]|) (3)

Diagram:

A∗

v
��

1 + A× A∗
inA∗oo

id+id×v
��

A∗ 1 + A× A∗
[nil ,cons∪π2]

oo



Going pointwise

v = (|[nil , cons ∪ π2]|)

⇔ { . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . }

v · [nil , cons] = [nil , cons ∪ π2] · (id + id ×v)

⇔ { . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . }{
v · nil = nil
v · cons = (cons ∪ π2) · (id ×v)

⇔ { . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . }
y v [ ]⇔ y = [ ]

y v (h : t)⇔

〈 ∃ h′, t ′ :
y (cons ∪ π2) (h′, t ′) :
(h′, t ′) (id ×v) (h, t)

〉



Going pointwise


y v [ ]⇔ y = [ ]

y v (h : t)⇔

〈 ∃ h′, t ′ :
y (cons ∪ π2) (h′, t ′) :
(h′, t ′) (id ×v) (h, t)

〉

⇔ { . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . }{
y v [ ]⇔ y = [ ]
y v (h : t)⇔ 〈∃ t ′ : y (cons ∪ π2) (h, t ′) : t ′ v t〉

⇔ { . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . }{
y v [ ]⇔ y = [ ]
y v (h : t)⇔ 〈∃ t ′ : t ′ v t : y = (h : t ′) ∨ y = t ′〉



Going functional

Implementing function Λv in Haskell, using the list monad as an
implementation of the powerset monad:

(Λv) [ ] = return [ ]
(Λv) (h : t) = do {t ′ ← (Λv) t; [t ′, h : t ′ ]}

Example, where subseqf is the concrete syntax for Λv:

*CSI2021> subseqf "Ana"

["","A","n","An","a","Aa","na","Ana"]

and so on.



Future readings

Explanation for monadic code? Compare with the following
diagram:

A∗

Λv
��

1 + A× A∗
inA∗oo

id+id×Λv
��

P A∗ 1 + A×P A∗
[Λnil ,g ]

oo

where

g (h, s) = do {t ← s; {h : t, t }}.

NB: More details in the Annex.



Annex

Eilenberg-Wright Lemma:

X = (|R|) ⇔ ΛX = (|Λ(R · F ∈)|) (4)

Thus

v = (|[nil , cons ∪ π2]|)

⇔ { Eilenberg-Wright Lemma }

Λv = (|Λ[nil , (cons ∪ π2) · (id × ∈)]|)

⇔ { Λ[R,S ] = [ΛR,ΛS ] }

Λv = (|[Λnil ,Λ((cons ∪ π2) · (id × ∈))]|)

⇔ { Λ(R · f ) = ΛR · f ; Λid = η }

Λv = (|[η · nil ,Λ((cons ∪ π2) · (id × ∈))]|)



Annex

{
Λv · nil = η · nil
Λv · cons = Λ((cons ∪ π2) · (id × ∈)) · (id × Λv)

⇔ { variables }{
Λv [ ] = return [ ]
Λv (h : t) = Λ((cons ∪ π2) · (id × ∈)) (h,Λv t)

⇔ { Λ(R · S) = ΛR • ΛS }{
Λv [ ] = return [ ]
Λv (h : t) = (Λ(cons ∪ π2) • Λ(id × ∈)) (h,Λv t)



Annex

Then, from

Λ(f ∪ g) a = {f a, g a}
(f • g) x = do {a← g x ; f a}

we get:

Λv (h : t) = do {(a, b)← Λ(id × ∈) (h,Λv t); {a : b, b}}

And finally, from

Λ(id × ∈) (h, t) = {(x , y) | x = h ∧ y ∈ t } = {(h, y) |
y ∈ t }

one gets:

Λv (h : t) = do {t ′ ← Λv t; {h : t ′, t ′}}


