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Programming
by

Calculation



Program versus Calculus

I Calculus — abacus pebble

I Program — pro (‘before’)

+ graphein (‘write’)



Programs...



Calculus

G. Leibniz I. Newton







Software as a problem

Software


Process —

Product —





”(...) The best services revolve

around a small number of
concepts that are well
designed and easy (...) to
understand and use, and

their innovations often involve

simple but compelling new

concepts.”



In

The Essence of Software
by

Prof. Daniel Jackson, MIT

(2021)



... small number

... well defined

... easy to understand



... small number

... well defined

... easy to understand



... small number

... well defined

... easy to understand



Urgently needed in software design



John Backus – Turing Award (1978)

http://wwwusers.di.uniroma1.it/~lpara/LETTURE/backus.pdf


Functional
Programming



FP = $$$...

http://dreixel.net/research/pdf/fpfm_pres_ifl23.pdf


Part I



Motivation — back to the late 1990s



From a mobile phone manufacturer

(...) For each list of calls stored in the mobile

phone (e.g. numbers dialled, SMS messages, lost

calls), the store operation should work in a way

such that (a) the more recently a call is made the

more accessible it is; (b) no number appears twice

in a list; (c) only the last 10 entries in each list are

stored.



From a mobile phone manufacturer

store :: Call -> [Call] -> [Call]

store c l = take 10 (nub (c:l))



From a mobile phone manufacturer

store :: Call -> [Call] -> [Call]

store c l = take 10 (nub (c:l))︸ ︷︷ ︸
(c)

︸︷︷︸
(b)

︸ ︷︷ ︸
(a)



Compare with ...

public void store10(string phoneNumber)

{

System.Collections.ArrayList auxList =

new System.Collections.ArrayList();

auxList.Add(phoneNumber);

auxList.AddRange(

this.filteratmost9(phoneNumber) );

this.callList = auxList;

}

+ filteratmost9 (next slide)



Compare with ...

public System.Collections.ArrayList filteratmost9(string n)

{

System.Collections.ArrayList retList =

new System.Collections.ArrayList();

int i=0, m=0;

while((i < this.callList.Count) && (m < 9))

{

if ((string)this.callList[i] != n)

{

retList.Add(this.callList[i]);

m++;

}

i++;

}

return retList;

}



From a mobile phone manufacturer

store c ::[Call] -> [Call]

ltake 10 nub (c:)� � � �



From a mobile phone manufacturer

store c ::[Call] -> [Call]
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Uups!
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In general
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A B C D

y = f(g(h x))



In general
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Simplification

f g
� �A B C

y = f(g x)



Check the pictures...



Arrows

(Wikipedia: Pride and Prejudice, by Jane Austin, 1813.)



More arrows...



Composition

y = f(g x)

f g
� �A B C

f · g
A C�

y = (f · g) x



f g
� �A B C



g f
- -C B A



f

g

@
@

@
@
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@
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@
@I

A

B

C



Cf. Unix/Linux pipes

g f
- -C B A

g | f



Composition

(f · g) · h = f · (g · h)

(a + b) + c = a + (b + c)

f · g · h
a + b + c



Composition

(f · g) · h = f · (g · h)

(a + b) + c = a + (b + c)

f · g · h
a + b + c



Composition

(f · g) · h = f · (g · h)

(a + b) + c = a + (b + c)

f · g · h
a + b + c



Composition

store c = take 10 · nub · (c :)︸ ︷︷ ︸
store′ c

i.e.

take 10 · (nub · (c :))

the same as

(take 10 · nub) · (c :)



Composition

store c = take 10 · nub · (c :)︸ ︷︷ ︸
store′ c

i.e.

take 10 · (nub · (c :))

the same as

(take 10 · nub) · (c :)



Composition

store c = take 10 · nub · (c :)︸ ︷︷ ︸
store′ c

i.e.

take 10 · (nub · (c :))

the same as

(take 10 · nub) · (c :)



Composition

(f · g) · h = f · (g · h)

(a + b) + c = a + (b + c)

a + 0 = 0 + a = a

f · ? = ? · f = f



Composition

(f · g) · h = f · (g · h)

(a + b) + c = a + (b + c)

a + 0 = 0 + a = a

f · ? = ? · f = f



Composition

(f · g) · h = f · (g · h)

(a + b) + c = a + (b + c)

a + 0 = 0 + a = a

f · ? = ? · f = f



A

�A
id

id a = a
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A�A
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id a = a
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Identity
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Composition and identity

Associativity:

(f · g) · h = f · (g · h)

“ Natural-id”:

f · id = f = id · f



Composition and identity

Associativity:

(f · g) · h = f · (g · h)

“ Natural-id”:

f · id = f = id · f



f · g

f × g ?
f + g ?



f · g
f × g ?

f + g ?



f · g
f × g ?
f + g ?



C f //B and A
g

//C

Composition: A
f ·g

//B



C f //B and A
g

//C

Composition: A
f ·g

//B



What about

D f //B

A
g

//C

?



Try D = A ...

B C

A

f

__

g

??

f a ... g a



Try D = A ...

B C

A

f

__

g

??

f a ... g a



B C

A

f

__

g

??

(f a, g a)



Cartesian product

B × C = {(b, c) | b ∈ B ∧ c ∈ C }

f a ∈ B
g a ∈ C

(f a, g a) ∈ B × C



Cartesian product

B × C = {(b, c) | b ∈ B ∧ c ∈ C }

f a ∈ B

g a ∈ C
(f a, g a) ∈ B × C



Cartesian product

B × C = {(b, c) | b ∈ B ∧ c ∈ C }

f a ∈ B
g a ∈ C

(f a, g a) ∈ B × C



Cartesian product

B × C = {(b, c) | b ∈ B ∧ c ∈ C }

f a ∈ B
g a ∈ C

(f a, g a) ∈ B × C



“Split”

B B × C C

A

f

bb

g

<<

〈f ,g〉

OO

〈f , g〉 a = (f a, g a)



Product

A× B = {(a, b) | a ∈ A ∧ b ∈ B }

π1 : A× B → A
π1 (a, b) = a

π2 : A× B → B
π2 (a, b) = b



Product

A× B = {(a, b) | a ∈ A ∧ b ∈ B }

π1 : A× B → A
π1 (a, b) = a

π2 : A× B → B
π2 (a, b) = b



Product

A× B = {(a, b) | a ∈ A ∧ b ∈ B }

π1 : A× B → A
π1 (a, b) = a

π2 : A× B → B
π2 (a, b) = b



Product

B B × C
π1oo

π2 //C

A

f

bb

g

<<

〈f ,g〉

OO

π1 · 〈f , g〉 = f π2 · 〈f , g〉 = g



Product

B B × C
π1oo

π2 //C

A

f

bb

g

<<

〈f ,g〉

OO

π1 · 〈f , g〉 = f

π2 · 〈f , g〉 = g



Product

B B × C
π1oo

π2 //C

A

f

bb

g

<<

〈f ,g〉

OO

π1 · 〈f , g〉 = f π2 · 〈f , g〉 = g



Product

〈f , g〉

f and g in parallel
f “split” g

〈f , g〉 a = (f a, g a)



Product

〈f , g〉

f and g in parallel
f “split” g

〈f , g〉 a = (f a, g a)



Product

〈f , g〉

f and g in parallel
f “split” g

〈f , g〉 a = (f a, g a)
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Product
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D × E

f × g

f × g = 〈f · π1, g · π2〉

6

π1
�

π2
-



Summing up

f · g

Sequential composition

〈f , g〉 Parallel composition (synchronous)

f × g Parallel composition (asynchronous)

Compositional programming
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Compositional programming



Summing up

f · g Sequential composition

〈f , g〉 Parallel composition (synchronous)

f × g Parallel composition (asynchronous)

Compositional programming



Summing up

f · g Sequential composition

〈f , g〉 Parallel composition (synchronous)

f × g

Parallel composition (asynchronous)

Compositional programming



Summing up

f · g Sequential composition

〈f , g〉 Parallel composition (synchronous)

f × g Parallel composition

(asynchronous)

Compositional programming



Summing up

f · g Sequential composition
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Summing up

f · g Sequential composition

〈f , g〉 Parallel composition (synchronous)

f × g Parallel composition (asynchronous)

Compositional programming



In pictures

(f · g) a = f (g a) (2.6)

- ga -
g a

f -f (g a)

Function composition



In pictures

〈f , g〉 a = (f a, g a) (2.20)

a

-

-

f

g

-

-

f a

g a

Functional “splits”



In pictures

f × g = 〈f · π1, g · π2〉 (2.24)

c

d

-

-

f

g

-

-

f c

g d

Functional products



f · g Sequential composition

〈f , g〉 Parallel composition (synchronous)

f × g Parallel composition (asynchronous)

Compositional programming



Problem

Retrieve the address of a civil servant, knowing that

she/he can be identified either by a citizen card

number (CC) or a fiscal number (NIF ).

address : Iden→ Address

Iden = CC ∪ NIF



Problem

Retrieve the address of a civil servant, knowing that

she/he can be identified either by a citizen card

number (CC) or a fiscal number (NIF ).

address : Iden→ Address

Iden = CC ∪ NIF



Problem!

CC = N
NIF = N

Iden = CC ∪ NIF = N ∪ N = N

address : N→ Address (!)
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Problem!

CC = N
NIF = N
Iden = CC ∪ NIF = N ∪ N = N

address : N→ Address (!)



In general

We need to fix:

m : A ∪ B → C

Let us start from

A ∪ B = {a | a ∈ A} ∪ {b | b ∈ B }



In general

We need to fix:

m : A ∪ B → C

Let us start from

A ∪ B = {a | a ∈ A} ∪ {b | b ∈ B }



Disjoint union

In need of something like...

{(1, a) | a ∈ A} ∪ {(2, b) | b ∈ B }

... we define:

A + B = {(1, a) | a ∈ A} ∪ {(2, b) | b ∈ B }



Disjoint union

In need of something like...

{(1, a) | a ∈ A} ∪ {(2, b) | b ∈ B }

... we define:

A + B = {(1, a) | a ∈ A} ∪ {(2, b) | b ∈ B }



Disjoint union

Clearly,

A + B = { i1 a | a ∈ A} ∪ { i2 b | b ∈ B }

once we define:

i1 a = (1, a)

i2 b = (2, b)



Disjoint union

Types:

i1 : A→ A + B

i2 : B → A + B

Now think of:

m : A + B → C

A + B

m

?

C

A
i1 - B

i2�

f

@
@
@
@
@
@
@R

f = m · i1

g

�
�

�
�
�

�
�	

g = m · i2
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Disjoint union
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Compare...

i1 i2- �
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A

f g

BA + B

[f , g ]

?



Compare...

π1 π2
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f g

BA× B

〈f , g〉
6



Calculus?



π1 π2
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f g
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〈f , g〉
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π1 π2
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〈f , g〉 · h
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π1 π2
� -B CB × C

〈f , g〉 · h = 〈f · h, g · h〉
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×-Fusion

〈f , g〉 · h = 〈f · h, g · h〉 (2.26)

B B × C
π1oo π2 //C

A
f

cc

〈f ,g〉
OO

g

;;

D

f ·h

ZZ

h

OO g ·h

DD
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6 6
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B C

f g

D × ED

h

6 6

k

E
π1 π2

� -

〈h · f , k · g〉

6
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B C

f g

D × ED

h

6 6

k

E
π1 π2

� -

(h × k) · 〈f , g〉

6



×-Absorption

(h × k) · 〈f , g〉 = 〈h · f , k · g〉 (2.27)

A A× B
π1oo π2 //B

D

h

OO

D × E
π1oo π2 //

h×k
OO

E

k

OO

C
f

dd

〈f ,g〉
OO

g

;;



π1 π2

A@
@
@

@
@
@
@I

�
�
�
�
�
�
��

� -B C

f g

B × C

〈f , g〉
6

h × k

D × E
6

D

h

6 6

k

E
π1 π2

� -



π1 π2
� -B CB × C

h × k

D × E
6

D

h

6 6

k

E
π1 π2

� -

π1 · (h × k) = h · π1 π2 · (h × k) = k · π2



π1 π2
� -B CB × C

h × k

D × E
6

D

h

6 6

k

E
π1 π2

� -

π1 · (h × k) = h · π1

π2 · (h × k) = k · π2



π1 π2
� -B CB × C

h × k

D × E
6

D

h

6 6

k

E
π1 π2

� -

π1 · (h × k) = h · π1 π2 · (h × k) = k · π2



Natural-π1, natural-π2

π1 · (h × k) = h · π1 (2.28)

π2 · (h × k) = k · π2 (2.29)

D D × E
π1oo π2 // E

B

h

OO

B × C
π1oo π2 //

h×k

OO

C

k

OO



So far...

f · g Sequential composition

〈f , g〉 Parallel composition

f × g Product composition

[f , g ] Alternative composition

Compositional programming



Functor-id-×

id × id = id (2.31)

c

d

-

-

id

id

-

-

c

d

Product of two identities is an identity.



×-Functor

(f × h) · (g × k) = (f · g)× (h · k) (2.30)

Composition of products is a product of compositions.



×-Functor

f

h

g

k

× · ×

�

�

�

�

(f × h) · (g × k)



×-Functor

f

h

g

k

×

·

·

�

�

�

�

(f · g)× (h · k)



Two basic laws still missing

×-Reflexion 〈π1, π2〉 = id (2.32)

×-Eq 〈i , j〉 = 〈f , g〉 ⇔
{

i = f
j = g

(2.64)



Two basic laws still missing

×-Reflexion 〈π1, π2〉 = id (2.32)

×-Eq 〈i , j〉 = 〈f , g〉 ⇔
{

i = f
j = g

(2.64)



Before them, the most important...

Recall ×-cancellation:

B B × C
π1oo π2 //C

A

f

bb

g

<<

〈f ,g〉

OO

π1 · 〈f , g〉 = f π2 · 〈f , g〉 = g



{
π1 · 〈f , g〉 = f
π2 · 〈f , g〉 = g

k = 〈f , g〉 ⇒
{
π1 · k = f
π2 · k = g



{
π1 · 〈f , g〉 = f
π2 · 〈f , g〉 = g

k = 〈f , g〉 ⇒
{
π1 · k = f
π2 · k = g



{
π1 · 〈f , g〉 = f
π2 · 〈f , g〉 = g

k = 〈f , g〉 ⇐
{
π1 · k = f
π2 · k = g



{
π1 · 〈f , g〉 = f
π2 · 〈f , g〉 = g

k = 〈f , g〉 ⇔
{
π1 · k = f
π2 · k = g



×-Universal

k = 〈f , g〉 ⇔
{
π1 · k = f
π2 · k = g



×-Universal

Existence

k = 〈f , g〉 ⇒
{
π1 · k = f

π2 · k = g

“There exists a solution — k = 〈f , g〉 — for the equations

on the right”



×-Universal

Unicity

k = 〈f , g〉 ⇐
{
π1 · k = f

π2 · k = g

“Such a solution, k = 〈f , g〉, is unique”



Equations!


x = 2 y

z = y
3

x + y + z = 10

⇔


x = 6

z = 1

y = 3



Equations!


x = 2 y

z = y
3

x + y + z = 10

⇔


x = 6

z = 1

y = 3



Equations!

Problem

Solve the equation

〈f , g〉 = id

for f and g.



Equations!

Calculation

In k = 〈f , g〉 ⇔
{
π1 · k = f

π2 · k = g

let k = id

id = 〈f , g〉 ⇔
{
π1 · id = f

π2 · id = g



Equations!

Calculation

In k = 〈f , g〉 ⇔
{
π1 · k = f

π2 · k = g
let k = id

id = 〈f , g〉 ⇔
{
π1 · id = f

π2 · id = g



Equations!

Calculation

In k = 〈f , g〉 ⇔
{
π1 · k = f

π2 · k = g
let k = id

id = 〈f , g〉 ⇔
{
π1 · id = f

π2 · id = g



Equations!

Calculation

In k = 〈f , g〉 ⇔
{
π1 · k = f

π2 · k = g
let k = id

id = 〈f , g〉 ⇔
{
π1 = f

π2 = g



Equations!

id = 〈f , g〉 ⇔
{
π1 = f

π2 = g

Substituting:

id = 〈π1, π2〉

×-Reflexion



Equations!

id = 〈f , g〉 ⇔
{
π1 = f

π2 = g

Substituting:

id = 〈π1, π2〉

×-Reflexion



Equations!

id = 〈f , g〉 ⇔
{
π1 = f

π2 = g

Substituting:

id = 〈π1, π2〉

×-Reflexion



Problem

Solve the equation

〈h, k〉 = 〈f , g〉

(1 equation, 4 unknowns)



Problem

Solve the equation

〈h, k〉 = 〈f , g〉

(1 equation, 4 unknowns)



Calculation

〈h, k〉 = 〈f , g〉

⇔ { ×-universal }{
π1 · 〈h, k〉 = f

π2 · 〈h, k〉 = g

⇔ { ×-cancellation }{
h = f

k = g

×-Eq !



Calculation

〈h, k〉 = 〈f , g〉
⇔ { ×-universal }{

π1 · 〈h, k〉 = f

π2 · 〈h, k〉 = g

⇔ { ×-cancellation }{
h = f

k = g

×-Eq !



Calculation

〈h, k〉 = 〈f , g〉
⇔ { ×-universal }{

π1 · 〈h, k〉 = f

π2 · 〈h, k〉 = g

⇔ { ×-cancellation }{
h = f

k = g

×-Eq !



Calculation

〈h, k〉 = 〈f , g〉
⇔ { ×-universal }{

π1 · 〈h, k〉 = f

π2 · 〈h, k〉 = g

⇔ { ×-cancellation }{
h = f

k = g

×-Eq !



〈π1, π2〉 = id

〈π2, π1〉?

〈π2, π1〉
6

A× B

π2
@

@
@
@

@
@@I

B

π1
�
�
�
�
�
���

AB × A
π1 π2

� -



〈π1, π2〉 = id 〈π2, π1〉?

〈π2, π1〉
6

A× B

π2
@

@
@
@

@
@@I

B

π1
�
�
�
�
�
���

AB × A
π1 π2

� -



〈π1, π2〉 = id 〈π2, π1〉?

〈π2, π1〉
6

A× B

π2
@

@
@
@

@
@@I

B

π1
�
�
�
�
�
���

AB × A
π1 π2

� -



〈π1, π2〉 = id 〈π2, π1〉?

〈π2, π1〉
6

A× B

π2
@

@
@
@

@
@@I

B

π1
�
�
�
�
�
���

AB × A
π1 π2

� -



〈π1, π2〉 = id 〈π2, π1〉?

〈π2, π1〉
6

A× B

π2
@

@
@
@

@
@@I

B

π1
�
�
�
�
�
���

A

B × A
π1 π2

� -



〈π1, π2〉 = id 〈π2, π1〉?

〈π2, π1〉
6

A× B

π2
@

@
@
@

@
@@I

B

π1
�
�
�
�
�
���

AB × A

π1 π2
� -



〈π1, π2〉 = id 〈π2, π1〉?

〈π2, π1〉
6

A× B

π2
@

@
@
@

@
@@I

B

π1
�
�
�
�
�
���

AB × A
π1 π2

� -



Problem

Solve

〈π2, π1〉 · k = id

for k

A× B

〈π2,π1〉
**

B × A

k

ii



Problem

Solve

〈π2, π1〉 · k = id

for k

A× B

〈π2,π1〉
**

B × A

k

ii



Calculation

〈π2, π1〉 · k = id

⇔ { ×-fusion }
〈π2 · k, π1 · k〉 = id

⇔ { ×-universal }{
π2 · k = π1

π1 · k = π2

⇔ { trivial }{
π1 · k = π2

π2 · k = π1

⇔ { ×-universal }
k = 〈π2, π1〉



Calculation

〈π2, π1〉 · k = id

⇔ { ×-fusion }
〈π2 · k, π1 · k〉 = id

⇔ { ×-universal }{
π2 · k = π1

π1 · k = π2

⇔ { trivial }{
π1 · k = π2

π2 · k = π1

⇔ { ×-universal }
k = 〈π2, π1〉



Calculation

〈π2, π1〉 · k = id

⇔ { ×-fusion }
〈π2 · k, π1 · k〉 = id

⇔ { ×-universal }{
π2 · k = π1

π1 · k = π2

⇔ { trivial }{
π1 · k = π2

π2 · k = π1

⇔ { ×-universal }
k = 〈π2, π1〉



Calculation

〈π2, π1〉 · k = id

⇔ { ×-fusion }
〈π2 · k, π1 · k〉 = id

⇔ { ×-universal }{
π2 · k = π1

π1 · k = π2

⇔ { trivial }{
π1 · k = π2

π2 · k = π1

⇔ { ×-universal }
k = 〈π2, π1〉



Calculation

〈π2, π1〉 · k = id

⇔ { ×-fusion }
〈π2 · k, π1 · k〉 = id

⇔ { ×-universal }{
π2 · k = π1

π1 · k = π2

⇔ { trivial }{
π1 · k = π2

π2 · k = π1

⇔ { ×-universal }
k = 〈π2, π1〉



Swap

A× B

〈π2,π1〉
**

B × A

〈π2,π1〉

ii

swap = 〈π2, π1〉

swap · swap = id



Swap

A× B

〈π2,π1〉
**

B × A

〈π2,π1〉

ii

swap = 〈π2, π1〉

swap · swap = id



So far

f · g Sequential composition

〈f , g〉 Parallel composition

Associativity

(f · g) · h = f · (g · h)

Associativity?

〈〈f , g〉, h〉 ?
= 〈f , 〈g , h〉〉

No! but...



So far

f · g Sequential composition

〈f , g〉 Parallel composition

Associativity

(f · g) · h = f · (g · h)

Associativity?

〈〈f , g〉, h〉 ?
= 〈f , 〈g , h〉〉

No! but...



So far

f · g Sequential composition

〈f , g〉 Parallel composition

Associativity

(f · g) · h = f · (g · h)

Associativity?

〈〈f , g〉, h〉 ?
= 〈f , 〈g , h〉〉

No! but...



So far

f · g Sequential composition

〈f , g〉 Parallel composition

Associativity

(f · g) · h = f · (g · h)

Associativity?

〈〈f , g〉, h〉 ?
= 〈f , 〈g , h〉〉

No! but...



So far

f · g Sequential composition

〈f , g〉 Parallel composition

Associativity

(f · g) · h = f · (g · h)

Associativity?

〈〈f , g〉, h〉 ?
= 〈f , 〈g , h〉〉

No! but...



〈〈f , g〉, h〉

f
@

@
@
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@
@@I

A

D

g
�
�
�
�
�
���

B

〈f , g〉

A× B
6

π1 π2
� -



〈〈f , g〉, h〉
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A

D

g
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B

〈f , g〉

A× B
6

π1 π2
� -



〈〈f , g〉, h〉
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D

g
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B

〈f , g〉

A× B
6

π1 π2
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〈〈f , g〉, h〉

〈f , g〉
@

@
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A× B

D

h
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�
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�
���

C

6

〈〈f , g〉, h〉

(A× B)× C
π1
�

π2
-



〈〈f , g〉, h〉

〈f , g〉
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A× B

D

h
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���

C
6

〈〈f , g〉, h〉

(A× B)× C
π1
�

π2
-



〈〈f , g〉, h〉

〈f , g〉
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A× B

D

h
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�
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�
���

C
6

〈〈f , g〉, h〉

(A× B)× C
π1
�

π2
-



〈f , 〈g , h〉〉

g
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B

D
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〈g , h〉

B × C
6

π1 π2
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〈f , 〈g , h〉〉
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〈g , h〉

B × C
6

π1 π2
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〈f , 〈g , h〉〉

f
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A

D

〈g , h〉
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���

B × C

6

〈f , 〈g , h〉〉

A× (B × C )
π1
�

π2
-



〈f , 〈g , h〉〉

f
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A

D

〈g , h〉
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���

B × C
6

〈f , 〈g , h〉〉

A× (B × C )
π1
�

π2
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〈f , 〈g , h〉〉

f
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A

D

〈g , h〉
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B × C
6

〈f , 〈g , h〉〉

A× (B × C )
π1
�
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〈〈f , g〉, h〉

〈f , g〉
@

@
@
@

@
@@I

A× B

D

h
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���

C
6

〈〈f , g〉, h〉

(A× B)× C
π1
�

π2
-



(A× B)× C

k

''

A× (B × C )

D

〈〈f ,g〉,h〉

cc

〈f ,〈g ,h〉〉

;;

k · 〈〈f , g〉, h〉 = 〈f , 〈g , h〉〉



(A× B)× C

k

''

A× (B × C )

D

〈〈f ,g〉,h〉

cc

〈f ,〈g ,h〉〉

;;

k · 〈〈f , g〉, h〉 = 〈f , 〈g , h〉〉



k · 〈〈f , g〉, h〉 = 〈f , 〈g , h〉〉

k · 〈〈f , g〉, h〉︸ ︷︷ ︸
id?

= 〈f , 〈g , h〉〉

Solve 〈〈f , g〉, h〉 = id



k · 〈〈f , g〉, h〉 = 〈f , 〈g , h〉〉

k · 〈〈f , g〉, h〉︸ ︷︷ ︸
id?

= 〈f , 〈g , h〉〉

Solve 〈〈f , g〉, h〉 = id



k · 〈〈f , g〉, h〉 = 〈f , 〈g , h〉〉

k · 〈〈f , g〉, h〉︸ ︷︷ ︸
id?

= 〈f , 〈g , h〉〉

Solve 〈〈f , g〉, h〉 = id



〈〈f , g〉, h〉 = id

⇔ { ×-universal }{
π1 = 〈f , g〉
π2 = h

⇔ { ×-universal }
π1 · π1 = f

π2 · π1 = g

π2 = h



〈〈f , g〉, h〉 = id

⇔ { ×-universal }{
π1 = 〈f , g〉
π2 = h

⇔ { ×-universal }
π1 · π1 = f

π2 · π1 = g

π2 = h



〈〈f , g〉, h〉 = id

⇔ { ×-universal }{
π1 = 〈f , g〉
π2 = h

⇔ { ×-universal }
π1 · π1 = f

π2 · π1 = g

π2 = h



Substitute solutions


π1 · π1 = f

π2 · π1 = g

π2 = h

k · 〈〈f , g〉, h〉︸ ︷︷ ︸
id

= 〈f , 〈g , h〉〉



Substitute solutions


π1 · π1 = f

π2 · π1 = g

π2 = h

k · 〈〈f , g〉, h〉︸ ︷︷ ︸
id

= 〈f , 〈g , h〉〉



Substitute solutions


π1 · π1 = f

π2 · π1 = g

π2 = h

k = 〈π1 · π1, 〈π2 · π1, π2〉〉



Slight improvement...

k = 〈π1 · π1, 〈π2 · π1, π2〉〉

⇔ { π2 = id · π2 }
k = 〈π1 · π1, 〈π2 · π1, id · π2〉〉

⇔ { f × g = 〈f · π1, g · π2〉 }
k = 〈π1 · π1, π2 × id〉



Slight improvement...

k = 〈π1 · π1, 〈π2 · π1, π2〉〉
⇔ { π2 = id · π2 }

k = 〈π1 · π1, 〈π2 · π1, id · π2〉〉

⇔ { f × g = 〈f · π1, g · π2〉 }
k = 〈π1 · π1, π2 × id〉



Slight improvement...

k = 〈π1 · π1, 〈π2 · π1, π2〉〉
⇔ { π2 = id · π2 }

k = 〈π1 · π1, 〈π2 · π1, id · π2〉〉
⇔ { f × g = 〈f · π1, g · π2〉 }

k = 〈π1 · π1, π2 × id〉



Analogy

In an arithmetic context, find k such that

k + (x − y) = x + 2

holds for any x and y .

Further assume that you don’t know property:

a + b = c ⇔ a = c − b.

How can you find k?



Analogy

Try to cancel x − y , ie. solve x − y = 0 for x .

You get x = y .

Substitute x :

k + (y − y) = y + 2

You get k = y + 2.



(A× B)× C

〈π1·π1,π2×id〉

''

A× (B × C )

D

〈〈f ,g〉,h〉

cc

〈f ,〈g ,h〉〉

;;



Back to

(A× B)× C

〈π1·π1,π2×id〉

''

A× (B × C )

j

gg

D

〈〈f ,g〉,h〉

cc

〈f ,〈g ,h〉〉

;;



(A× B)× C

〈π1·π1,π2×id〉

&&

A× (B × C )

〈id×π1,π2·π2〉

ff



(A× B)× C

assocr

&&

A× (B × C )

assocl

ff

assocr = 〈π1 · π1, π2 × id〉
assocl = 〈id × π1, π2 · π2〉



(A× B)× C

assocr

&&

A× (B × C )

assocl

ff

assocr · assocl = id

assocl · assocr = id



(A× B)× C

assocr

&&

A× (B × C )

assocl

ff

assocr · assocl = id

assocl · assocr = id



Isomorphism

(A× B)× C

assocr

''∼= A× (B × C )

assocl

gg

assocr · assocl = id

assocl · assocr = id



Isomorphism

A× B

swap

&&∼= B × A

swap

ff

swap · swap = id



Isomorphism

A

f

##∼= B

g

bb

f · g = id

g · f = id



Isomorphism

iso︸︷︷︸
the same

(ισo)

+ morphism︸ ︷︷ ︸
shape

(µoρφισµoζ)

“Similar shape”
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Practical problem!

jpg2pdf

%%

6∼=

pdf2jpg

dd

jpg2pdf · pdf2jpg 6= id

pdf2jpg · jpg2pdf 6= id
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D

export
-

import
�

f = import · r · export

(∼=)
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Format conversion

Need

A

?

f

B

Reusable

C

r

?

D

export
-

import
�

f = import · r · export

(∼=)



By the way — swap

A× B

swap

&&∼= B × A

swap

ff

Isomorphisms are reversible computations



By the way — swap

b

a

a

b
swap

swap is a basic gate in quantum programming.



By the way — swap

b

a

a

b
swap

swap is a basic gate in quantum programming.



By the way — swap

a

b

b

a

×
×



What about alternation [f , g ]?...

[f , g ] : A + B → C

[f , g ] x =

{
x = i1 a⇒ f a

x = i2 b ⇒ g b



Recall...

i1 i2- �

C

@
@
@
@
@
@R

�
�
�

�
�
�	

A

f g

BA + B

[f , g ]

?



Compare...

π1 π2

C
@
@

@
@
@
@I

�
�
�
�
�
��

� -A

f g

BA× B

〈f , g〉
6



+-Universal

k = [f , g ] ⇔
{

k · i1 = f

k · i2 = g

Compare with

k = 〈f , g〉 ⇔
{
π1 · k = f

π2 · k = g



+-Universal

k = [f , g ] ⇔
{

k · i1 = f

k · i2 = g

Compare with

k = 〈f , g〉 ⇔
{
π1 · k = f

π2 · k = g



From [f , g ] to f + g

[f , g ] : A + B → C

[f , g ] x =

{
x = i1 a⇒ f a

x = i2 b ⇒ g b

f + g ?



Sum of two functions

D
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C

g
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B + C
i1 i2
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@
@
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@
@
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�
�
�

�
�
�	

D + E

f + g

f + g = [i1 · f , i2 · g ]

?

i1 -
i2�



Sum of two functions

D

f

B
?

E

C

g

?

B + C
i1 i2

- �

@
@
@
@
@
@R

�
�
�

�
�
�	

D + E

f + g

f + g = [i1 · f , i2 · g ]

?

i1 -
i2�



Sum of two functions

D

f

B
?

E

C

g

?

B + C
i1 i2

- �

@
@
@
@
@
@R

�
�
�

�
�
�	

D + E

f + g

f + g = [i1 · f , i2 · g ]

?

i1 -
i2�



Sum of two functions

D

f

B
?

E

C

g

?

B + C
i1 i2

- �

@
@
@
@
@
@R

�
�
�

�
�
�	

D + E

f + g

f + g = [i1 · f , i2 · g ]

?

i1 -
i2�



Sum of two functions

D

f

B
?

E

C

g

?

B + C
i1 i2

- �

@
@
@
@
@
@R

�
�
�

�
�
�	

D + E

f + g

f + g = [i1 · f , i2 · g ]

?

i1 -
i2�



Sum of two functions

D

f

B
?

E

C

g

?

B + C
i1 i2

- �

@
@
@
@
@
@R

�
�
�

�
�
�	

D + E

f + g

f + g = [i1 · f , i2 · g ]

?

i1 -
i2�



Coproduct laws

“Just reverse the arrows”, cf.

+-Absorption [h, k] · (f + g) = [h · f , k · g ] (2.43)

+-Fusion f · [h, k] = [f · h, f · k] (2.42)

+-Reflexion [i1, i2] = id (2.41)
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Coproduct laws

+-Equality [h, k] = [f , g ]⇔
{

h = f

k = g
(2.66)

+-Functor (h + k) · (f + g) = h · f + k · g (2.44)

+-Functor-id id + id = id (2.45)

and so on
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Coproduct laws

+-Equality [h, k] = [f , g ]⇔
{

h = f

k = g
(2.66)

+-Functor (h + k) · (f + g) = h · f + k · g (2.44)

+-Functor-id id + id = id (2.45)

and so on



All these laws can be found in the reference sheet

(WWW → Material)

https://haslab.github.io/CP/Material/cpCalFun.pdf


Summary

f · g Sequential composition

〈f , g〉 Parallel composition

f × g Product composition

[f , g ] Alternative composition

f + g Structural alternation (coproduct)

Compositional programming
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TBC...


