Calculo de Programas
Aula T09




data LTree = Leaf Int | Fork (LTree, LTree)




data LTree = Leaf Int | Fork (LTree, LTree)
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ol v G
e ™ &Shd

data LTree = Leaf Int | Fork (LTree, LTree)

k (Leaf x) = Leaf (x"2)

k (Fork (1,r)) = Fork (k 1, K r)




k :: (Int —= Int) —> LTree —> LTree
k f (Leaf x) = Leaf (f x)
k T (Fork (lL;r)) = Fork (kf 1; k T r)

k (10+)
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19

13




k :: (Int = Int) —> LTree —> LTree
k f (Leaf x) = Leaf (f x)
k T (Fork (L;r)) = Fork (kT 1; kT r)

kifsileaf = Leal-if
{A:f-.Fbrk:: Honk (L k)

{ Eg-+ ; fusao-+ ; absorcao-+ }
k f-[Leaf, Fork] = |Leaf , Fork]| - (f + k f x k f)
{ [Leaf , Fork] = in ; functor-+ }

kf-in=in-(f+id)-(id+kfxkf)




kf-in=in-(f+4d) (sld+k f xkf)

7 L Tree 11 7 + LTree’
fl kf=dgl)l lz‘d+<k 2
7 LTree 7 + LTree’

g

7, + LTree’




Ef-in=in-(f+id)-id+kfxkf)

A | Tree L A + LTree?




kf-in=in-(f4+id) - (id+ &k f x k f)

P

A | Tree L A + LTree?




kf=(in-(f+1d))

LTree A i A + (LTree A)*
kf—qul lz‘d+<k i
LTree B A + (LTree B)?

g
\k %

B + (LTree B)




kf=(in-(f+1d))




bf =(in:{f +id)]

kid = (in) = id




(g)-(in-(f+id)) = (g-(f +id))
= { fusao-cata }
(g)-in-(f +id) =g (f +id) - (id + (g)°)
= { cancelamento-cata }
g (id+ (g)*) - (f +id) = g (f +id) - (id + (g]°)
= { functor-+ duas vezes; natural-id quatro vezes }
g-(fitlg)di=g-tf (o))
= { trivial }

true




S
= { kf=(in- ¢ +id)}
i (e gz )
= { functor-+ etc } kid = (in)=1d
(in-(f +id)- (g +1id))
— { absorgao-cata |
(in- (f +id)) - (in- (g +id)) k(f-9)=kf-kyg
- { kf=(in-(f +id)) duas vezes }
kf-kg
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ol v G
e ™ &Shd

data LTree = Leaf Int | Fork (LTree, LTree)

k (Leaf x) = Leaf (x"2)

k (Fork (1,r)) = Fork (k 1, K r)




kf=(in-(f+1d))

LTree A i A + (LTree A)*
kf—qul lz‘d+<k i
LTree B A + (LTree B)?

g
\k %

B + (LTree B)




FUNCTOR DO TIPO LTREE

A i | Tree A

s LTree f = (in-(f+id))




FUNCTOR DO TIPO LTREE

out

—
LTree A =

I e

In

out

>
LTree B s

\/¥

In

A+ (LTree A)

2
_J

~N"

F (LTree A)

B + (LTree B)

2
J

~N"

F (LTree B)




FUNCTOR DO TIPO LTREE

FX=A+X" 7
FX=5+X" 7

/ﬂt—$ ’
LTree A = A+ (LTree 4)
\_/ ~ G .

F (LTree A)

10

(o

/ﬂﬂ :
~ B+ (LTree B)

F (LTree B)

LTree B

|




BIFUNCTOR DO TIPO LTREE

out

ﬁ
LTree X A

X + (LTree X)

2
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\
In

B V)

B (X ,LTree X)
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CATAMORFISMOS (GENERALIZACAO)

~

Out out

A e Wil e
kl In le kl A lB (id,k)
G FC C B (4, )

{
|




CATAMORFISMOS (CASO GERAL)

out
TAs s B (AT
"\./
k in lB (id k)
O\g/B (4, C)

Propriedade universal
e ol =iy Bl k)

Functor do tipo:
Il f =lin-Bi(f, id))
Abreviatura:
LB

(Apontamentos: paginas 97-101)




CATAMORFISMOS (LEIS)

Universal-cata kit as soluinitrg S E ok
Cancelamento-cata (g)-in=g-F(g)

Reflexao-cata (in) = idt

Fusao-cata i iglEmlhlsdie g = RS
Base-cata B Bl r

Def-map-cata Topid = (ini =Bl 2]

Absorcao-cata lgD-Tf = (g-B(f,id))

(43)
(44)
(45)
(46)
(47)
(48)
(49)




BIFUNCTORES




BIFUNCTORES (LEIS)

R R e Gl ok B (A4, C)
fl gl lB(fag)
Bhaia o B (D, F)

B (id, id) = id




ABSORCAO-CATA (g)-Tf=1(g-B(f,id))

A TA ) B(A, TA)
o ek B(id, Tf)

C TC———B(C,TC)~5o—B(4, TC)
(g B(id,(g) B(id,(g))

D Loien) B(A, D)

B(f,id)




(a) Arvores com informacio de tipo A nos nés:
BX—1 A< x>
T = BTree A {Ff:id—l—idfo
Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))

(b) Arvores com informacdo de tipo A nas folhas:

FX=A+X?
T =LTree A {Ff:Zd+f2

Haskell: data LTree a = Leaf a | Fork (LTree a, LTree a)

(c) Arvores com informacao nos nés e nas folhas:
Eox =5+ A ¢ X"
T=FTree BA {Ff:id+idxf2
Haskell: data FTree b a = Unit b | Comp (a, (FTree b a,FTree b a))

(d) Arvores de expressao:
EX= V40> X

= o 2 O {Ff:id—l—idxmapf
Haskell: data Ezpr v o = Var v | Op (o, |Expr v o))

in = [Empty , Node]

in = [Leaf , Fork]

in = [Unit , Comp]

in—Vari O



(a) Arvores com informacdo de tipo A nos nés:
e BI(D6. Y1 L« Yie
SE B(f,g)=id+fxg°
Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))

(b) Arvores com informacio de tipo A nas folhas:
T e o {B(X,Y)Z)HY2
= LTree
B(f,9)=f+g¢°
Haskell: data LTree a = Leaf a | Fork (LTree a,LTree a)

(c) Arvores com informag¢do nos nos e nas folhas:
BitZ= X WVi—7 X <vs :
T=FTree Z X {B(h,f,g):hﬂfxf in = [Unit , Comp]
Haskell: data FTree b a = Unit b | Comp (a, (FTree b a,FTree b a))
(d) Arvores de expressio:

S =Fzpr7Z-X

in = [Empty , Node]

in = [Leaf , Fork]

STt e i
{ E iy b g g
Haskell: data Expr v o = Var v | Op (o, [ FExpr v o))



data Rose a = Rose a [Rose al] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

out

|

Rose A A x (Rose A)°

K_/
In




Rose A

out

1€

A x (Rose A)”

\/

In

P.

B(X.V)=XxxY K

B (f.9)

=fxg

X x Y*

\ &




2

data Rose a = Rose a [Rose al deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

B.x Wi= <)k’
B(f9)=fxyg

2

—

f >< map g







ava (ana)

raTo (cata)




ANAMORFISMOS

T A/g B (AT A)
k—[<g>]T L TB (id k)=F &
& B (4, C)




ANAMORFISMOS

Universal-ana
Cancelamento-ana
Reflexao-ana
Fusao-ana
Base-ana
Def-map-ana

Absorc¢ao-ana

(out) = idy

(g -f=Lhl € g:f=
Ef=— Bt

Tf = [B(f id) - out)
T7-[g) = [B(fid)-g)

(52)
(53)
(54)
(55)
(56)
(57)
(58)







ANAMORFISMOS

kT Tid—kz’dxk
No TtN: 1+ No id+{succ,id)) 1+ No x No




k = |((¢d + (succ, id)) - outy, )|
{ ana-universal }

k=in-(id+1id x k) - (id + {succ, id)) - outy,
{ isomorfismo iny, / outy, }

k-iny, =in- (id + id x k) - (id + (succ, id))
{ functor-+; absorgdo-x |

k- iny, = in- (id + (succ, k))




{ definicoes de in e iny, ; fusao e absorgao-+ }
|k -0,k - succ| = [nil, cons - (succ, k)]

= { Eq-+ }

k-0 = nil
k - succ = cons - {succ, k)

{ passagem a pointwise }

k0=
{k(n+1)=(n+1):kn




Ng* L 1 Ny <Ny
kT Tz’dﬂdxk
NO Il N() L == N() X NQ

outyy id+{succ,id))




1+ N() X NO
TidJrz'dxm
Np*
X
I\/I\IO . " NOTid—I—idxk
. in NO
X
{ ) 1 + Ny
kT 1+ No id+{succ,id
NO OUtNO




E=mik
- { m=([1, mul]) e k = [((id + (succ,id)) - outy, )] }

f=([1,mul]) - [((¢d + {succ, id)) - outy, )|

= { cancelamento-cata e cancelamento-ana }
f=1[1,mul]-Fm-out-in-F k- (id + (succ,id)) - outy,

= { in-out=id;functor F: (Fm)- (Fk)=F (m-k) }
f=1[1,mul]-F (m-k)- (id + (succ, id)) - outy,

= { isomorfismoiny, /outy;m k= f;Ff—id+idxf }

f-ing, = [1,mul] - (¢d + id x f) - (id + {succ, id))




f-iny, = [1, mul] - (¢d + id x f) - (¢d + {succ, id))
{ absorgao-+ ; absorgao-x ; etc }

f -iny, = |1, mul - {succ, f)]

{ Eqg-+ ; inn, = [0, succ] }

el =l
{f-succ = mul - (succ, f)

{ introducao de variaveis }

Fine
frntl= il i




HILOMORFISMO

“Hylo + morphism”

¢UAo = matéria, coisa

Lf> gl = (£)- (9]




HILOMORFISMO

SRl e Lfsall = 05D - 1Cg))




Calculo de Programas
Aula T10




‘DIVIDE & CONQUER'’

(9] oo F [(9)
T e s E
(fD I F (/D
B F B

\7/

conquer

rule

conquer

rule




"DIVIDE & CONQUER'’




OS ALGORITMOS E A OPINIAO PUBLICA

INTERNET

\ % Autoridade da Concorréncia

— ' avisa que algoritmos de
precos podem infringir a lei
Karla Pequenino
02 de Julho de 2019

R B 243




ALGORITMO = HILOMORFISMO

“Hylomorphism” = “divide & conquer”

¢UAo = matéria, coisa

Lf> gl = (£)-1(9)




‘DIVIDE & -
e Q - ab
divide v

rule rule rule

conquer

conquer




Alguns muito bons a dividir...

Tortuous Convolvulus
(Asterix and the Roman Agent,

by Goscinny & Uderzo, Hachette
Livre, 1970)

...outros (quase!) t3o bons a
conquistar:







fib @
£ib
£ib n

fib (n

)










“ARCA ALGORITMICA”

SIS,

]
3
¥,




Grupo— 1 2

| Periodo

1

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
1 2
H He
4 5 6 7 8 9 10
Be B C N 0 F Ne
12 13 14 15 16 17 18
Mg Al || si P s || c || ar
20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 =] 36
Ca Sc Ti Vv Cr Mn (| Fe Co Ni Cu || Zn || Ga || Ge || As Se Br Kr
38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54
Sr Y Zr || Nb || Mo || Tc Ru || Rh || Pd || Ag || Cd In Sn || Sb || Te I Xe
56 72 73 74 i 76 77 78 79 80 81 82 83 84 85 86
Ba Hf || Ta W Re || Os Ir Pt || Au || Hg Tl Pb Bi Po || At Rn
88 104 (| 105 (| 106 | 107 || 108 || 109 || 110 (| 111 ({112 |( 113 |/ 114 || 115(| 116 (| 117 |( 118
Ra Rf || Db || Sg || Bh || Hs || Mt || Ds |[ Rg || Cn ([ Uut || FI [|Uup|| Lv || Uus || Uuo
Lantanideos =i 58 59 60 61 62 63 64 65 66 67 68 69 70 71
La || Ce || Pr || Nd [[ Pm || Sm || Eu || Gd || Tb || Dy (| Ho || Er || Tm || Yb Lu
Actinideos | 89 [| 80 || 91 || 92 || 93 (| 94 || 95 |( 96 (| 97 || 98 || 99 |(100 (101 (] 102/ 103
Ac || Th || Pa U Np (| Pu || Am || Cm || Bk Cf || Es || Fm || Md || No Lr




Grupo— 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
| Periodo

1 2
1 H He
5 4 5 6 7 8 g || 10
Be B C N 0 F || Ne
. 12 13| 14 || 15 || 16 || 17 || 18
Mg Al |l si|l p s || c || ar
. 20|21 || 22 || 23 |[ 24 || 25 || 26 || 27 |[ 28 || 29 || 30 || 31 |[ 32 || 33 || 34 || 35 || 36
Ca Sc Ti vV Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr
_ Pe7Fdl 381l 301l a0 1l a1 1l 421431 aa 1l a5 1[ a6 1l a7 1[ a8 1[ a9 [ s0 1 51 [ 52| 53 |[ 54
Description TX B(X,Y) B (id, f) B(f,id) |l lL*
g4 || 85 || 86
“Right” Lists List X 1+XxY | id+idxf | id+ f xid | po || At || Rn
“Left” Lists LList X 1+YxX | id+fxid | id+id x f |!16[117| 118
" . ; . . Lv Uus || Uuo

Non-empty Lists | NListX | X+ X XY | id4+idx f | f+fxid

. 2 . . 2 o 5
Binary Trees BTreeX | 1+ XX Y* | id+idx f< | id+ f xXid | gg 50 I 1
“Leaf” Trees LTree X X +Y? id + f? f+id Tm || Yb || Lu
- oY YU vl P4 ¥s vg ¥D 1e) v 1-] uy Ltuu | 101 (| 102|103
Actinideos | S g |1 ra || U || we || Pu || am || em || 8k || cf || Es || Fm || M || o || r
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a.hs

laSort

qSort [] =]

gSort (h:x)

[al

gSort x1

[al
[h]




»

data BTree a = Empty | Node (a, (BTree a, BTree a))




a.hs

QU'CKSORT BllaSort ord a - lal - [a]

qSort [] []
3 qgSort (h:x) = gSort x1 [h] gSort x2

x1 [ a | a X, a-hl
X2 [a | a X , a h 1]

h:x
) A (divide)
h X1 X9
BE:
h qgSort xq qgSort xo
> C' (conquer)
qSort x1 +H | h| + gSort zo -




QUICKSORT

a.hs

1 |aSort
» qSort []

30qsortalihex)

Ord a

qSort x1 [h]

[a] [a]

gSort x2

h:x
h X1 X9
(h7($17x2)) ]
A* divide 1—|—A > (A* > A*)

B
C' (conquer)




4» a.hs

QUICKSORT  Sort :: 0rd 3 la] - la]

2 qSort [] []
3 qSort (h:x) = qSort x1 [h] qSort x2

h 1 T9

B
C' (conquer)

.
B(X,Y)=1+Xx(YxY) |
B

A divide 1+ A x (A* XA*) .




<» a.hs

QUICKSORT L fsort - 0rda - la] - [a

2 qSort [] []
3 gSort (h:x) - gSort x1 [h]

gSort - nil = nil
qSort - cons = fy - (id x (gSort x gSort)) - g

fo (b, (y1,92)) = y1 ++ [h] +H oo 92 (B 2) = (, (21, 29))

where
r1=[a|la<—z,a<h]
Lo—i| 0 a5, g = hi]

gSort x2




QUICKSORT Bl O v 1o (e

qSort - nil = nil
qSort - cons = fy - (id x (qSort x qSort)) - go
== { fusao-+, absorcao-+, eqg-+ etc }
gSort - in = [nil, fo] - (id + id x gSort?) - (id + go)

= { isomorfismo in / out }

gSort = [nil, fo] -(id + id x gSort* - (id + go) - out

~"

conquer B (id,qSort) divide




QUICKSORT

B (X V-l X< (Y X

Description TX B(X,Y) B (id, f) B(f,id)
“Right” Lists List X - Xixiy I adebid o f i1d F f 2iid
“Left” Lists LList X Yaxi X eidfoaid R idipe
Non-empty Lists | NList X 2D S D i A e
Binary Trees BTree X +XxY? | id+idx f* | id+ f x id
“Leaf” Trees LTree X X+ Y- id+ 1 s




x1=[a]|a X ,
x2 [a | a X , a h ]

a - hl

<r a.hs X
1 [gSort Oord a [a] [al '
2 qSort [] [1
@ gSort (h:x) - qgSort x1 [h] gSort x2

divide
’//’/,,,———’”-_——______——_—-““£>
A B (4, A%)

[(divide)] B (id,|(divide)])

out

BTree A s B (A,BTree A)
( conquer) 3 B (id,( conquer))

A B (A, A*)
\_//

conquer




»

t = anaB divide [13,8,17,1,6,11,25,15,27,22]

data BTree a

Empty | Node (a, (BTree a, BTree a))




*Cp> anaB divide [13,8,17,1,6,11,25,15,27,22]

Node (13, (Node (8, (Node (1, (Empty,Node (6, (Empty,Empty)))),Node
(11, (Empty,Empty)))),Node (17, (Node (15, (Empty,Empty)),Node (25,
(Node (22, (Empty,Empty)),Node (27, (Empty,Empty))))))))




TRAVESSIAS

9
I
O @26 @

e = Node ("x", (
Node (u+u,(
Node ("1", (Empty,Empty)),
Node ("2", (Empty,Empty)))),
Node (u_n ; (
Node ("3", (Empty,Empty)),
Node (4", (Empty,Empty))))
))




= v
MERGESORT r %

Ord a [a] [a]

[x]
(11,12) = sep 1
merge(mSort 11, mSort 12)




MERGESORT

a.hs

mSort
mSort []

mSort [x]
mSort 1

Ord a [a] [a]

[]
[x]
(11,12) = sep 1
merge(mSort 11, mSort 12)

I

l

) A (divide)

mSort [y

mSort [y

DE:

) € (conguer)

T merge (mSort ly) (mSort 1)




MERGESORT

a.hs

mSort Ord a

divide : A* — A+ (A" x A")

[a]

sep 1
ge(mSort 11, mSort 12)

I

l2

mSort [y

mSort [y

T merge (mSort ly) (mSort 1)

) A (divide)
) B
) C (conquer)




a.hs

mSort Ord a [a]

MERGESORT

divide : A* — A+ (A* x A7) sep 1

ge(mSort 11, mSort 12)

divide : A* — B (A, A%) ) A (divide)

DE:
rt lg
;:) C' (conquer)

T merge (mSort ly) (mSort 1)

B(X,Y)=X+7Y~




a.hs

mSort Ord a

MERGESORT

divide : A* — A+ (A" x A")

[a]

sep 1
ge(mSort 11, mSort 12)

— divide : A* — B (A, A7)

- B(X,Y)=X+Y?
— “Leaf” Trees | LTreeX |

) A (divide)
) B

<
X+Y?  uer)

T merge (mSort l1) (mSort [y)

<




MERGESORT s G M EL




MERGESORT I G AEMDRE




MERGESORT [

mSort [] []

mSort [x]
mSort 1

a [a] [a]

[x]
(11,12) = sep 1
merge(mSort 11, mSort 12)

‘t> A (divide)
) B

4;) C' (conquer)

T ‘ [
mSort = ([singl, mergel]) - [(divide)|
conjqruer
T ‘ merge ort /@) (mSort )




(] @ work — ghc -B/Library/Frameworks/GHC.framework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp — 80x21
~/work — vi a.hs ‘ ...ramework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp -+

*Cp>

*Cp>

*Cp>

*Cp>

*Cp>

*Cp>

*Cp>

*Cp>

*Cp>

*Cp> :{

*Cp |

*Cp| divide (1,[])

*Cp| divide ([1,r)

*Cp| divide (x:xs,y:ys) | x <y
*Cp | | otherwise
*xCp |

*Cp| :}

*Cp>

*Cp> :t divide

divide :: Ord a => ([a], [al) —> Either [a] (a, ([al, [al))
*Cp> i

i1 1
ilr
i2 (x,(xs,y:ys))
i2 (y,(x:xs,ys))




(o) @ work — ghc -B/Library/Frameworks/GHC.framework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp — 80x21
~/work — vi a.hs ...ramework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp -+
*Cp>
*Cp>
e divide: A* x A > A"+ A x (A" x A")
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp> :{
*Cp |
*Cp| divide (1,[])
*Cp| divide ([1,r)
*Cp| divide (x:xs,y:ys) | x <y
*Cp | | otherwise
*Cp |
*Cp| :}
*Cp>
*Cp> :t divide
divide :: Ord a => ([a], [al) —> Either [a] (a, ([al, [al))
*Cp> i

i1 1
ilr
i2 (x,(xs,y:ys))
i2 (y, (x:xs,ys))




® O

*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp |

*Cp |
*Cp |
*Cp |
*Cp>

:{
*Cp| divide (1,[])

*Cp| divide ([1,r)
*Cp| divide (x:xs,y:ys) | x <y

: }

work — ghc -B/Library/Frameworks/GHC.framework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp — 80x21
~/work — vi a.hs ...ramework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp

divide: A* x A > A"+ A x (A" x A")

divide : A* x A* - B (A%, A, (A" x A%))

i1 1
ilr
i2 (x,(xs,y:ys))
i2 (y,(x:ixs,ys))

| otherwise

*Cp> :t divide

divide ::

*Cp> i

Oord a => ([a]l, [al) — Either [a] (a, ([al, [al))

-+




@00

*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp>
*Cp |

:{

work — ghc -B/Library/Frameworks/GHC.framework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp — 80x21
...ramework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp

~/work — vi a.hs

divide: A* x A > A"+ A x (A" x A")

divide : A* x A* - B (A%, A, (A" x A%))

*Cp| divide (1,[])
*Cp| divide ([1,r)
*Cp| divide (x:xs,y:ys)

*Cp |
*Cp |
*Cp |
*Cp>

: }

*Cp> :t divide

divide ::

*Cp> i

Ord a => ([a];

Biz 700

= rJ -J =

| x

J

[al]) —> Either [a] (a,

| otherwise = i2 i;:ix:xs,ys)

([a]l

)

[al))

-+




(o) @ work — ghc -B/Library/Frameworks/GHC.framework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp — 80x21
~/work — vi a.hs ...ramework/Versions/8.2.2-x86_64/usr/lib/ghc-8.2.2 --interactive Cp -+

*Cp>

*Cp>

e divide: A* x A > A"+ A x (A" x A")

*Cp>

*Cp>

*Cp> e * %k * * *

*Cp> divide : A* x A* - B (A%, A, (A" x A%))

*Cp>

*Cp> :{

*Cp |

*Cp| divide (1,[])

*Cp| divide ([1,r) B(Z,X, Y)=Z-|—X>< Y

*Cp| divide (x:xs,y:ys) | x MR e Soer SR IR S SR BT

*Cp | | otherwise = i2 (y,(x:xs,ys))

*Cp | . .

*Cp| :} ~

*Cp> T(ZvX): B(ZvXaT(ZaX))

*Cp> :t divide
divide :: Ord a => ([al, [a] | (£, X)

*Cp> i

1€

Pl e i erd




MERGESORT

a.hs

mSort
mSort []

mSort [x]
mSort 1

Ord a [a] [a]

[]
[x]
(11,12) = sep 1
merge(mSort 11, mSort 12)

I

l

) A (divide)

mSort [y

mSort [y

DE:

) € (conguer)

T merge (mSort ly) (mSort 1)




MERGESORT Ord a ([al, [al) [)[(?]

r

x : merge([],y:ys)
Caso particular: otherwise =~ y : merge(x [],ysl

T [
D A (divide)
X 12
DR
x mSort Iy
) C (conquer)
T merge |z | (mSort l5)




INSERTION insert :: Ord t = t —> [t] —> [t]

insert x [] [x]

SORT insert x (y:ys) | x -y X' y'ys

otherwise - y: insert x ys

l
> A (divide)
h lg
DE:
X wSort s
) C' (conquer)
insert = (iSort ls)




INSERTION
SORT

insert Ord t
insert x []
insert x (y:ys)

=h

insert = (iSort ls)

) € (eonguen




SELECTION 2 ssort - orda - fa

sSort - anal| divide

divide [] - i1()
SORT divide (xs)

]

[a]

minimum XS

i2(m, delete m xs)

Selection sort (m = minimum 1):

l
m lo = delete m [
m sSort 1y
m : sSort s

NANA,

A (divide)

B
C' (conquer)




SEI_ECTION sSort Ord a [a] [a]

3 sSort - anal| divide
SORT divide [] )
divide (xs) m - minimum Xxs

i2(m, delete m xs)

A (divide)

sSort s

B
C' (conquer)

™
o
-l
k||
=
S

m : sSort s




ANA, CATA & HILO




ANA, CATA & HILO Leis de reflexao:
q I) id

~ [in, g] = [(9)]
L [If.out] = (f) —é ‘)




CLASSIFICACAO

Singleton Equal-size

Easy Split/Hard Join Insertion Sort Merge Sort

Hard Split/Easy Join Selection Sort Quick Sort

NB:
‘Split’ = divide
‘Join’ = conquer L)




Research
at Google

Lecture: The Google MapReduce

http://research.google.com/archive/mapreduce.html

10/03/2014

Romain Jacotin
romain.jacotin@orange.fr
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Research
at Googil:

AN

&
Lecture: The G&)@g\le MapReduce

\

Z
hitp://reSearth.coogle.com/archive/mapreduce.html

\ : 10/03/2014
N

Romain Jacotin

romain.jacotin@orange.fr







(PARAMETRIC) TYPE CHECKING




Componentes de “Hardware” / “Software”




& o Software
s Reuse




. Reuse




Calculo de Programas
Aula T11




Pesquisa binaria

lookBTree Ord a a BTree (a,b)
lookBTree a Empty = Nothing
lookBTree a (Node((a',b'),(1,r)))

a a' Just b’

a a' lookBTree a 1

a a' lookBTree a r

Maybe b




[ ] [ J V' 4 [ J
Pesquisa binaria S OO O S

lookBTree a (Node((a',b'),(1,r)))

a a' Just b'
1

a - a lookBTree a 1
a - a' lookBTree a r

B(X,Y) 1+Y X+Y 1+XxY Z+XxY | X+ Y2 1+X xY?
A C TX No XNat X X* SList X Z | LTree X BTree X
No No Factorial fac dfac
No No Misc.em No | (nx*),(n+), " etc sq dsq, fib
No No* Séries odds, evens
No x X* X* Selecgao udrop utake
R R Raiz quadrada N
X* X* Filtragem filter p filter p
X* X* Ordenagao bSort iSort, sSort mSort gSort
X* e Grupos chunksOf n
X* x X* X* Jungao merge, uconc
X x X* X* Insergao insert
B x No (No x B)* Puzzles hanoi
BTree (X,Y)| 1+Y Look-up lookup x
T(X,Y) 1+Y Look-up lookup x
TX TX Inverséo reverse mirror mirror
TX No Cardinalidades length count count
TX No Profundidades depth depth
TX X* Travessias tips inordt, preordt, posordt
TX X* Caminhos prefizes, sufizes traces
T(TX) TX "Multiplicagao’ o m




Pesquisa binaria

T e R et By T R

look al

Ik == o

\

lookBTree Ord a a BTree (a,b) Maybe b
lookBTree a Empty - Nothing

lookBTree a (Node((a',b'),(1,r)))

a a' Just b'
a a' lookBTree a 1
a a' lookBTree a r

L5 B (A B
s B

[i1 - i1, decide a]

[id ,id]




Pequisa binéria lookBTree Ord a a BTree (a,b) Maybe b

lookBTree a Empty - Nothing
lookBTree a (Node((a',b'),(1,r)))
decide a ((a’, b)), (I, 7 a == a' = Just b’
o (E_j .)’( %,)) a - a' lookBTree a 1
| @ =a' =4 (i ) a - a' lookBTree a r
]a,<a’=z'2l

ba =0 = isin

T(A B9 g (A By (T (A< B S (14B) T (AxB)
look al i lz’dJrlooka
s v e s B

[id ,id]




‘While loop’

While (A=TRUE) Do
B
End While

FALSE

TRUE

{B)©




‘While |00p’ While (A= TRUE) Do

B
End While ?

while: (A —->B) - (A—>A4) - A—> A
while a b z =
if a z

then while a b (b 7)

oy




‘While loop’

whils (0l S B (A = A) (L 50 A @

while a b c x =

if a z
then while a b ¢ (b )
else ¢ z
ol
RN LT P R

while a b ¢ liderhile abc

C idad G+ 0




‘Tail recursion’

A & C+A
tailr gl lid—ktailr g
C i ad] C+C
Bx V)%
A : B(C,A)
tailr ¢ lB (id,tailr g)
C B (C, )

[id ,id]




‘Tail recursion’

T« B2 o0 0 (4 By (T B

look aj

Tead S a

A . C+iA
tailr gl lz‘d+tai1r g
¢ lid id] ¢+C
2o

lid id]

-

R

(L& B+ (A B
lid+l00ka
(e B 41+ B

lid ,id]

B0 0




‘Tail recursion’

tailr gl

B(X,Y)=X+VY

tailr ¢

lid ,id]

[id id]

C+ A

lid—ktailr g

C+C

B(C,4)
lidthailr g

B(€.C)




‘Tail recursion’

fll - o I A
tailr ¢ 1d+tailr g
A
0<—7L : 6 £
| =2 — 57 Yo
« $\ ~ i
U
,}9 A = B (C,A)
7S
« % tailr gj lidthailr g

Gt B 0,09




‘Tail recursion’ hylo

7 )
e : A
l[(g)] = $ /w+[(g)]l

tailr ¢ T (&8 ’ﬂ 7L\ T C + T ()id+tailr q
QL : in id+([id,id] Dl
% — . C+C
\/
« lid ,id]




‘Tail recursion’

g
//\
A L

()] out=in® id“‘[(ﬂ)]l
T e ST e ot

tailr ¢ aER g = £k T 1d+tailr ¢

([id,id] ) in id+([id,id])
C C+C

aia) il




‘Tail recursion’

(5,2

RN

(2,10)

1.1

'

(CRD)

(73)

'

(6,0)

FO SIS DEE
&




Funcoes pré-definidas

Funcgao codiagonal: codiag = |id, id]

Funcao diagonal: diag = (id, id)




‘Tail recursion’

let counter = 5;
let factorial = 1;

while (counter > 1)
factorial *= counter--;

console.log(factorial);

— (4.4) Tail recursive factorial

factr = while2 p f p2 . split id (const 1) where
plc,f) = c>1
f(c,f) = (c-1,cxf)




HILOMORFISMO

el Lfsall = 05D - 1Cg))




Algoritmos versus processos

7

deooms

repeatT Tidx repeat

4 T Ax A

repeat a = a : repeat a

Funcao codiagonal: codiag = [id, id]

Funcao diagonal: diag = (id, id)




Funcoes parciais

lookBTree Ord a ) BTree (a,b)
lookBTree a Empty = Nothing
lookBTree a (Node((a',b'),(1,r)))

a a' Just b'
a a' lookBTree a 1
a a' lookBTree a r

Maybe B e Il =
in=[Nothing,Just]
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WHY MONADS MATTER

In this chapter we present a powerful device in state-of-the-art func-
tional programming, that of a j#i#ad. The monad concept is nowadays
of primary importance in computing science because it makes it pos-
sible to describe computational effects as disparate as input/output,
comprehension notation, state variable updating, probabilistic behaviour,
context dependence, partial behaviour efc. in an elegant and uniform
way.

Our motivation to this concept will start from a well-known prob-
lem in functional programming (and computing as a whole) — that of
coping with undefined computations.




WHY MONADS MATTER

e
© e
-
, S O ’
In this chapter we present a powerful device in | —@g L /
tional programming, that of affiiiad The monad -y Y

of primary importance in computing science bec ~_
sible to describe computational effects as dispar
comprehension notation, state variable updating, probabilistic behaviour,
context dependence, partial behaviour efc. in an elegant and uniform
way.

Our motivation to this concept will start from a well-known prob-
lem in functional programming (and computing as a whole) — that of
coping with undefined computations.







Probabilidade da soma
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“Os monads [...] vém com uma maldicao. A
maldicao monadica é que,
guando uma pessoa aprende o que sao
monadas e como usa-las,
perde a capacidade de explicar isso para
outras pessoas!”




“Monads [...] come with a
curse. The monadic curse is
that once someone learns
what monads are and how to
use them, they lose the ability
to explain it to other people”

(Douglas Crockford: Google
Tech Talk on how to express
monads in JavaScript YoulllD
2013)

Douglas Crockford (2013)




Fungoes parciais

[ pia ]




Fungoes parciais

1+B<——A

IR =




Fungoes parciais




Composicao parcial

Il = 2

1€ -




Composicao parcial

I3 C)

[il /Zd] \l/

id+ f

T

f

1B A

1+ C =<

B




Composicao parcial

1L
[il /ld] 66/& \N\'
< i

T

e

%.%

ik

= A




Fun¢odes ‘Maybe’

Maybe B o I
in=[Nothing,Just]

A
e lf out Nothing = iy ()
Maybe B ~ Lol out (Just a) =iz a
LE g e e

in=[Nothing,Just]

data Maybe a = Nothing | Just a




Composicao de fungoes “Maybe”

Maybe B<2— A

Maybe C / B




Composicao de fungoes “Maybe”

P S s g

s i e il p




Composicao de fungoes “Maybe”

feg=in-|i;,out-f]-out-g
= { fusdao-+ € in - out = id }
feg=I[in-i,f]-out-g
= { introdugéo da variavel a }
(feg) a=[in-i,f] (out (g a))
= { definicao de out}
(f e g) a = if g a = Nothing then [in - i1, f] (i1 ()) else [in - iy, f] (i2 (¢ a))

= { cancelamento-+ e simplificacao }

(f e g) a = if g a = Nothing then Nothing else f (g a)




Fungdes com mensagens de erro

e B s ]

; E+B

J

i-f

A




Tratamento das mensagens de erro

id+f

o sl

[il 7Zd]







Funcoes ‘indecisas’

e

J

B*

singl-f




Raiz quadrada

y
A

(€8]

'
w

2 V=‘b?
//
|/ «
\;\2 3 9
SN
2 \
y =\
—




Composicao de fungoes ‘indecisas’

8

o

= B




Composicao de fungoes ‘indecisas’

8

(C*)* T B* -

Concat\l/ '
(o< / B




Composicao de fungoes ‘que dao pares’

(CxC)x(OxC)ﬁBxBLA

C 0 / B

Jeg




FUNCTORES

=11 X
T X = Maybe X
TX=F+X
e e,

Bl nive




Estrutura semelhante

Nellya il gl

N g

X 2% Maybe X <*— Maybe (Maybe X)
X singl X concat (X*)*

Gdio

X Vire e by bl e e v




MONAD

X

P

Tl &




MONAD

X

LS g el T ol o)

unidade multiplicacao




MONAD

b e oty g gt g g g

Monad = Functor + unidade + multiplicacao




MONAD

Monad = Functor + unidade + multiplicacao




Composicao monadica




Heinrich Kleisli

From Wikipedia, the free encyclopedia

Heinrich Kleisli (/klasli/; October 19, 1930 — April 5, 2011)
was a Swiss mathematician. He is the namesake of several
constructions in category theory, including the Kieisli
category and Kleisli triples. He is also the namesake of the
Kleisli Query System, a tool for integration of
heterogeneous databases developed at the University of
Pennsylvania.

Kleisli earned his Ph.D. at ETH Zurich in 1960, having been
supervised by Beno Eckmann and Ernst Specker. His
dissertation was on homotopy and abelian categories. He
served as an associate professor at the University of

Heinrich Kleisli in 1987

Ottawa before relocating to the University of Fribourg in 1966. He became a full professor at

Fribourg in 1967.




Monad - propriedades naturais

e ey e T
fl Tfl lT(Tf)
2 f g e T

Tfu=uyf
i T




Monad — multiplicacao e unidade




Monad — multiplicacao e unidade

Jrbe el

:

%




Monad — multiplicacao e unidade

T 44T

i

%




Monad — multiplicacao e unidade




Monad — multiplicacao versus multiplicacao




Monad — multiplicacao versus multiplicacao

=

:

2




Monad — multiplicacao versus multiplicacao

t\TXJL—TQX

where X =T A
2

s e

:

2




Monad — multiplicacao versus multiplicacao

=
Ml lT,u
TA—T 4




Monad — multiplicacao versus multiplicacao

T? Ay
%\» o

o

b




Monad — leis da unidade e d~
.&47\».
N
b
%

‘vlicacao

,‘w))

v

\V\»

L

b g h oty

T ir




Monad - leis da unidade e da multiplicacao

gew—=od=1u-Fu

pep=p-Tu




Monad — unidade da composicao

Jeu=f=uef

= { definicao de f e g, duas vezes }

peTfu=f=p-Tu-f

= { naturaluep - Tu=id }
Mo = = idi )

= Lo}

=i

T =t f
Tfp=pnTFf

pii —ad— e T




Monad - leis da unidade e da multiplicacao

gew—=od=1u-Fu

pep=p-Tu




Monad

out=in°

ﬁ 2
L Tree (LTree A) = LTree A + (LTree (LTree A))

eyl e s Slemgy il il

[ in=[Leaf ,Fork] lidﬂﬂ

LTree A LTree A + (LTree A)°
\/
[id,Fork]

= (|id, Fork])

mu LTree (LTree a) LTree a
LTree a = Leaf a | Fork (LTree a, LTree a) mu catalLTree (either id Fork)




Monad

Leaf ([id,Fork])

X LTree X L Tree? X

pru=id=p-Tu pop=p-Tu

mu LTree (LTree a) LTree a
LTree a = Leaf a | Fork (LTree a, LTree a) mu catalTree (either id Fork)




Monad

- LTree Leaf = id
{ definigao de 1 }

([id, Fork]) - LTree Leaf = id
{ absorcso-cata }

([id, Fork] - (Leaf + id)|) = id
{ absorgdo-+ }

([Leaf, Fork]|) = id
{ reflexao-cata }

X

true

LTree a Leaf a Fork (LTree a, LTree a)

it == =T

Leaq, ([id,Fork])
o Tree i T s 2
mu LTree (LTree a) LTree a
mu catalTree (either id Fork)




Monad

AL e

fou=f




Monad

AL e

fou

feid="




Monad

A A Jeid="

fou=f




Monad

A g feid=p -Tf

feu=f




Monad

AL e

Calle i

T iseaif:

def

Ti6 i limay
dehs
TC———B8

Lok fiz




(=f) = feid Jiegizslon) = |




Monad ( )

Monad LTree

L L return Leaf
Minimal complete definition t g - (mu . fmap g) t
(>>=) LTree (LTree a) LTree a
catalLTree (either id Fork)
Methods
(>>=) :: forallab. ma -> (a->mb) =>mb |infixl 1|
| # Source
Sequentially compose two actions, passing any value produced
by the first as an argument to the second.
(>>) :: forall a b. ma ->mb ->mb | infixl 1 ||# Source

Sequentially compose two actions, discarding any value produced by the
first, like sequencing operators (such as the semicolon) in imperative
languages.

return = u

return :: a -=> m a # Sourc




Monad ( )

Minimal complete definition

(.1) Monad a (b ac) (d
(>>=) (f .! g) a~ (g a) f

m (m b) mb

Methods mult (Monad m)
mult - ( id)

(>>=) :: forall a b. m
| # Source

Sequentially compose two actions, passing any value produced
by the first as an argument to the second. (fiwg)en=(gm)sef

(>>) :: forall a b. ma ->mb->mb | infixl 1 ||# Source

Sequentially compose two actions, discarding any value producedby the 7J @ id = “Ll
first, like sequencing operators (such as the semicolon) in imperative

languages.
return = u

return :: a -=> m a # Source




Monad ( )10

Minimal complete definition

(>>=)
Methods
(>>=) :: forallab. ma -> (a->mb) =>mb |infixl 1|
| # Source
Sequentially compose two actions, passing any value produced
by the first as an argument to the second.
(>>) :: forall a b. ma ->mb ->mb | infixl 1 ||# Source

Sequentially compose two actions, discarding any value produced by the
first, like sequencing operators (such as the semicolon) in imperative
languages.

return = u

return :: a -=> m a # Sourc




Monad ( )

Monad LTree
return Leaf

Minimal complete definition t g (mu . fmap g) t

(>>=) LTree (LTree a) LTree a
catalLTree (either id Fork)

Methods
(>>=) :: forall a b. ma -> (a -=>mb) ->mb infixl 1

Sequentially compose two actions, passing any value produced
k by the first as an argument to the second.

(>>) :: forall a b. ma ->mb->mb anFice 1]

Sequentially compose two actions, discarding any value produced by the
first, like sequencing operators (such as the semicolon) in imperative
languages.

e return = u

return :: a -=> m a N soure

Vs




MONAD IDENTIDADE

B L LpT e

T.X - X

Ti=f ErERon
U= 1d
e

Jeg=yi- T jige=nd fg= 0




Calculo de Programas
Aula T12




MONAD - recordar

MNP




Monad =
functor “de
corridas”




Composicao monadica

e L e




Monads — sumario (leis e binding)

e ad =1 Fu

iep ey

(=f) = f oid




MONADS: notagao-

= e R )

(f-g)a=f(ga)=letb=gainf b

(feg)a=do{b<ga;fb}

o




MONADS: notagao-

e A T

(f-g)a—frletbgainfb

(feg)a=do{b b}




MONADS: notagao-

t>=f=do{b—uz;f b}

T ==

= { definicao de (=>=f) }

(fieidl @
- { notagéo-do}

dotib - 71 f by

(feg)a=do{b—ga;fb}




MONADS: notagao-
r>=f=do{b—uz;f b}

\\ l £
)L =D <D
% APPLY g -, —>
Z FuenoN g
> C /
REWRAP VALUE
. IN CoNTELT

(Créditos: http://shorturl.at/buNPX)




MONADS: notagao-

(- flieid = ue{T f-id)
= { natural-id e unidade u }

(u-f)oidsz

— { passagem a pointwise }

(u-f)eid)z=Tfua

= { passagem para notagao-do }

Tfxz=do{b< z;return (f )}

(g-f)eh=ge(Tf-h)

Caso particular: g, h := u, id:

(feg)a=do{b<ga;fb}




MONADS: leis em notacgao-
uef=f=fou

uef=f=fou

= { passagem a pointwise }

(wef)a=fa=(feu)a

= { notagéo-do} (feg)a=do{b<—ga;fb}

do {b <« f a;return b} = f a =do {b < return a; f b}




MONADS: leis vertidas para notacao-

foel(geh)=(feg)eh

TB—"—A4

(feg)a=do{b<ga;fb}

TD




MONADS: leis vertidas para notacao-

foel(geh)=(feg)eh

(fel(geh)) a

= { notagéo-do} (feg)a=do{b<ga;fb} LB~ il
do {c—(geh)a;f c} &
= { notagéo-do} (feg)a=do{b<—ga;fb}

do{c<—do{b<—ha;gb};fc} TD a




MONADS: leis vertidas para notacao-
foel(geh)=(feg)eh

(feg)eh)a

- { notagéo-do } ag 7 dolne i
do {b <« ha;(feg)b}
== { notagéo-do} (feg)a=do{b<ga;f b}

do {b<— ha;do{c<—gb;fc}}
= { simplificacio }

do{b<—haj;c—gb;fc} TD

15 &

C

TB

A




MONADS: leis vertidas para notacao-

foel(geh)=(feg)eh

do{c—do{b—ha;gb};fct=do{b—ha;c—gb;fc}

Ebatinie L=

15 &

C

g P St e




MONADS: listas em compreensao

Fibonacci (hilo) Fungdes parciais Functor Functor de tipo Fusdo-cata
Google map-reduce Lista ligada

Recursividade mitua [ _Selection sort
Tabela 'periédica’ 'Tail recursion’ Trabalho prético

Travessias

Video selecionado [

rks/GHC.framework/Versions/8.2.2-x86_64/ust/lib/ghc-8.2.2 --interactive Nat

a < [1..6] , b <- [1..6] ]
4,5,6,7,8,4,5,6,7,8,9,5,6,7,8,9,10,6,7,8,9,10,11,7,8,9,10,11,12]

Single step (+- 1seg)
[ - ]




MONADS: listas em compreensao

le|lai—x1,...,a, <z, | =do {a; <« z1;...;a, < x,;return e}

8

(C*)*%B*%

Concatl :
ex il iy




MONADAS

Multiplicacao
Unidade

Natural-u

Natural-y

Composicdo monadica
Associatividade-e
Identidade-e
Associatividade-e/-
Associatividade--/e

[L Versus e

(61)
(62)
(63)
(64)
(65)
(66)
(67)
(68)
(69)
(70)




Composi¢do monadica (feg)a=do{b<«+ ga;fb} (85)

‘Binding as r>=f = (u-Tf)z (86)
Notag¢ao-do do{z <+ a;b} = a>=(A\z—b) (87)
‘u as binding’ pr = x>=id (88)

Sequenciacdo r>y = Tr>=y (89)




MONAD I/0: interface com sistema de ficheiros




MONAD 1/0: interface com

10 String Leadde L L Pt

10 1 writeFile o StTZTLg

copy i 0 = (writeFile o e readFile) i

{ notacao-do }

copy © 0 = do {s < readFile 1; writeFile o s}
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Programacao
monadica
probabilistica




RECURSIVIDADE

out

No/%Nl-l—No
\_/

lz’dJrfor b 1
B 1+ B
[2,0]

in=[0,succ]

for b i = ([, b])

XL P i T O




RECURSIVIDADE

out

No/§\1—|—NQ
\/

for b 4 in=[0,succ| lid+for b 1

B n e

u 2,b] z'd—l—ul

T8 1+TB
\/

[l ]

XL P i T O

for b i = ([, b])




RECURSIVIDADE

4 - for b s = for b’ o/
=
w- ([, 0]) = ([2, ¥'])
2 { fusdo-cata }
w- [, 0] = [, ] - (¢d + )

= { coprodutos (fusdo, absorcao, eq) }

{ar

ik
b -

@ls

XL P i T O




RECURSIVIDADE

<=

u-for bi=ford ¢
{ forbi=([,8]) }
w- ([2,0]) = ([, 0])
{ fusdo-cata }
w-[i,b] =[] (id + u)

{ coprodutos (fusdo, absorcao, eq) }

Vgt e
w0 —h

>

<<

{
{

XL P i T O

{ fo=fo;Tfu=uf}

ui=1

T vw=0 4
{ tivial }

=1

b=l

mfor b i = ([ui, T b])




RECURSIVIDADE
X—2-TX---T(TX)

mforbz'z(][u_z',Tb]l) mfor b ¢ = ([u i, T b])
= { universal cata }

mfor b i - [0,succ] = [w i, T b] - (id + mfor b 7)

= { coprodutos (fusdo, absorcgao, eq) ; variaveis }

mfor b7 0 = u @
mfor b i (n+1) =T b (mfor b i n)

= { u=return ;T f 2z =do {a < z;return (f a)} }

mfor b ¢ 0 = return ¢
mfor b i (n + 1) = do {z < mfor b i n;return (b z)}




RECURSIVIDADE

mfor b i 0 = 1
mfor b i (n+l)

XL P i T O

do { x <- mfor bin ; b x}




RECURSIVIDADE
X—2-TX---T(TX)

mfor b i 0 = 1
mfor b i (ntl) = do { x <- mfor bin; b x}

(feg)a=do{b<ga;fb}

(b e (mfor bi)) n

= { composigao e cxomposicao monadica }

(b eid) (mfor b i n)




RECURSIVIDADE
X—2-TX---T(TX)

mfor b i 0 = 1
mfor b i (ntl) = do { x <- mfor bin; b x}

(feg)a=do{b<ga;fb}

Associatividade-e /- (feg)-h = fe(g-h) (66)

C

(b e (mfor bi)) n
= { composigao e cxomposicao monddica }

(b eid) (mfor b i n)




RECURSIVIDADE
X—2-TX---T(TX)

mfor b i 0 = 1
mfor b i (ntl) = do { x <- mfor bin; b x}
out % b
Py it il e i
Ny o~ 1 + Ny
\/
mfor b zl in=[0,succ] lz’d—l—mfor bi
TR |+ TR mfor b i = (|2, b e id])
TSR E g s en s

[,beid]




RECURSIVIDADE
map monadico

iﬂA*

A A 1A XA
fl mmapfl lid+id><mmapf
TB TeRH L - Sy T A i B

q7?




RECURSIVIDADE
map monadico

inA*

5 A 14+ A x A*
fl mmapfl lid“dxmmapf
T B T B>l< i_ ................ g _________ 1 _l_A % -I— B*
[return'n”/\_COY.'I.'S'J'].,_'” \Ll +f><l

1+TBxTB*




RECURSIVIDADE
map monadico

| 21 A
fl mmapfl lid“dxmmapf
T B T B>l< i_ ................ g _________ 1 __I_A % -I— B*
i
[return-nil, | cons]]-. lz +f X
1+TBxTB*

If] (x,y) =do {a + x;b < y;return (f (a,b)) }




RECURSIVIDADE
map monadico

mmap :: (Monad m) = (e > m b) — |a] —> m [ b]
mmap f || = return | |
mmap f (h:t) =do {b <« f h;x — mmap f t;return (b: )}




RECURSIVIDADE
Exemplo

Obter o minimo de uma lista (se possivel...):
mgetmin :: Ord a = [a]| — Maybe a

Obter a lista de minimos de uma lista de listas
(onde isso for possivel):

I di=-ne mi i sl - 2o~ 3 e s st il 5 5]
mmalpmmce EmEn kil 2 rvalEk (s NoE R




RECURSIVIDADE

Getting the mimimum of a list (if possible):

mgetmin :: Ord a = [a| — Maybe a

mgetmin | | = Nothing
mgetmin | a| = return a
mgetmin (h:t) = do {x < mgetmin t;return (min h )}










Exemplo —

®e
| % e
\ o,” © .‘
o
\\ o ® L /
./
Fork ‘ | Fork Fork l Fork l
‘Sporting ‘Chaves |P.Ferreira Benfica Porto Braga Belenenses| |Moreirense Maritimo ‘Arouca Estoril |Rio Ave Nacional

Arouca e 28.6%
Braga 71.4% etc




out

LTree AS/A—F LTree A*
(g Dl in=[Leaf , Fork] lmq g)?
B A + B?

9=[91,92] lz’d—l—uz

1 & Alu e Tamie

b y;
return (a, b)

j




LTree

mcataLTtree g = k where
k (Leaf a) = return (g1 a)
k (Fork (z,y)) =do{a < k z;b < k y;return (g2 (a, b))}
=)
=i




LTree

e 2
LTree A e~ A+ LTree A
il LS
(g) in=| Leaf ,Fork] lid‘|‘(]9|)2 f : BZ D
T B AR gy
e v e Arouca e 28.6%
[hl ,hg] Braga 71.4%

he (z,y) =do{a <« z;b < y; [ (a,b)}




Exemplo —

..
\\ - (] /
(Equipa, Equipa) —> Dist Equipa
kMain> jogo ("Braga",'"Arouca")
Braga 71.4
Arouca 28 . 6°
0 Fork
4
Fork Fork Fork Fork Fork Fork Fork Fork
,E % g | /N
Sporting Chaves | |P.Ferreira Benfica Porto Braga Setubal Feirense| |Guimaraes| |[Belenenses| |Moreirense Maritimo Arouca Estoril Rio Ave Nacional
Arouca  wmmm 28.6%
etc

Braga 71.4%




Exemplo —

.. &
\ - .
= /
h2(d1,d2) = do { a <- d1; b <- d2; jogo(a,b) }
simular = catalTree (¢ return h2)
Fork
Sporting Chaves | |P.Ferreira Benfica Porto Braga Sett:bal Feirense| |Guimaraes| |[Belenenses| |Moreirense Maritimo Arouca Estoril Rio Ave Nacional

kalendario

analLTree lsplit equipas




Exemplo — .

Main> simular calendario

Porto 24.0
Benfica 22.
Sporting 19.
Braga
Guimaraes
Fork Belenenses
Nacional
™ = Maritimo
Moreirense
Rio Ave
Setubal
P.Ferreira
Arouca
Chaves
Feirense
Estoril

Fork

Fork

N
rd

Sporting Chaves | |P.Ferreira Benfica Maritimo Arouca Estoril Rio Ave Nacional

etc
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Monad =
functor “de
corridas”




Consideracoes
finais
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Software
Reuse
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Calculo

‘vointfree’




CALCULO DE
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Calculo
‘vointfree’

Programacado

recursiva




CALCULO DE
PROGRAMAS

Calculo
‘vointfree’

Programacado
monadica

Programacado
recursiva




CALCULO DE T11-T13

PROGRAMAS Programacgao
T6-T10 monddica

Programacado
recursiva

Calculo
‘pointfree’




CALCULO DE PROGRAMAS

Calculo
‘vointfree’

p-1g




CALCULO DE PROGRAMAS

Programacado
recursiva

anamorfismos

catamorfismos

hilomorfismos




CALCULO DE PROGRAMAS




CALCULO DE PROGRAMAS

Programacado

monadica

probabilidades




